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A LIMIT THEOREM FOR ORTHOGONAL FUNCTIONS*
. . . . By N Ly CEPEE
Marcql F. Neuts and Pol V. Lambert

in Louvain, Belgium

I. Introduction.

We coasider a completely additive class M of subsets of a fixed set
A of points in an n-dimensional Euclidean space R,.

Let {m!, k=1,2,.., be a sequence of measures, each p; being
defined on M.

Each mesure | permits us to construct an L] space of functions
defined and square-integrable with respect to us on A. Every such L
space is separable and hence has a countable complete orthonormal system.
Su{;pose we now have a sequence of functions f;, ¢ =0, 1, 2, ..., satisfying
the two following conditions :

a) any f; belongs to every L;

b) any finite set of these functions is linearly independent in all but

a finite number of norms of L.

Hence, for p fixed, using the Schmidt orthogonalization on the ordered
functions fo, f1, .., fp, we can construct the uniquely determined ortho-
normal elements 9,0, @r,1, ..., Px,p for each space L:, except perhaps
for a finite number of them.

For a given function F belonging to every L (except perhaps a

finite number of them), we consider the Fourier coefficients:

(1.1.1) af = f F @, ;- pp(dx), i=0,1,..70
4

and the projection

(1.1.2) PL = Zaf',- C Py,

of this function F on the (p-+1)-dimensional subspace Ei,, of one spice

* This research was sponsored by the European Community for Atomic Energy

under contract 011/61/1 DOB.
273



274 MARCEL F. NEUTS and POL V. LAMBERT

L:. This can be done for k=K, K+1,K+2,.. etc, K being a
sufficiently large positive integer.

Some. convergence relations of the sequence {ox,s} (& fixed,
k=1, 2,..) have been established by Szegé [2] pp. 33—37, in particular
cases, using the explicit form of the clement @a,;. ’

The object of this* paper is to establish general convergence
relations of the sequences {®¥x,:}, {af_ > {Pf ’} (#,p,F fixed) essentially
using convergence requirements on the sequence of measures {tix}.

11. Basic theorems.

We state the following known results for further reference. Munroe
f1] p. 107 and p. 173.

Theorem 2.1. If {M} is a sequence of everywhere finite
measures on a completely addxtxve class M and if for
each EeM

(2.1.1) 0S5 W(E)= lim Ik (E) < o0,
k>
then po is a measure defined on M.

Theorem 2.2. If 1°) {} is a sequence of finite measures
onacompletely additive class M and if for each EeM

0 (E)= lim e (E) < oo,
k->wo

29 f is a function defined, (M) measurable and

bounded on E for which lnf-dpk exists for each &%,

E
then ff-dyo exists and
E
2.2.2 li .+ d
(2.2.2) ,,‘f'm feduk = ff dpto .

If the function f is not bounded, we can easily derive the following
corollary of Theorem 2.2:

Theorem 2.3. If 1°) {i} is a sequence of finite measure-
functions on a completely additive class M and if for
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each EeM
0 po(E) = Jim () < =

2°) f is a function defined and (M)}measurable on E
satisfying the following conditions:

28) The integrals J‘f-dpo and
E

ff‘d}u for each k exist
B

b) For every €>0, we can find 2 non decreasing
sequence {E;} of subsets of E in the class M for
which f is bounded on each E; and

(2.3.1) W(E—-E)<e, for j>]J (,E,S[)

lim fdp =0, voniformly in &,
J>o
(2.3.2) £-5

lim f-duwe=0
§ >
E—E}

then we have
(2.3.3) lim f f-dwm = f [ dyo.
k>o
E E
Remarks.
1) By Theorem 2.1, po is a finite measure on M, hence the as-
sumption that f f - dpo exists is a restriction on f and not on
E

the sequence {p}.
2) One can easily verify that a bounded and (M)-measurable function

on E for which the integral f f - duy exists for each % satisfies
E

all the requirements of this theorem, so that 2.3 is an extension

of Theorem 2.2.
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3) Finally we note that the Theorems 2.2 and 2.3 are in no way

restricted to L’-spaces of functions.

111. Convergence t}heorems.

We now consider the Ll-space, corresponding to the limit measure
defined by Theorem 2.1. Suppose we have a sequence {fi}, i=0,1, 2, ...
of (M)-measurable functions, bounded on A, or at least such that the
squares f? satisfy the conditions of Theorem 2.3, the sequence of sets E;
used in that theorem being the same for every finite number of functions
f} of the sequence. '

For two arbitrarily chosen fuactions fi , fi, in {f;}, we have the

convergence relation
(3.1.1) iu)n A{\f,'l'f,'z'dpk= ff"l'fiz'd!’lo'
A A

To prove this if f;, and fi, are both bounded, we apply Theorem 2.2,
and if not, by our assumptions, we can find a non decreasing sequence of
sets {E;} which satisfies the condition (2.3.1) and (2.3.2) with respect to
the set 4 and the function ffl and f'?z.

By Schwarz’ inequality, we have for £=0,1, 2, 3, ...

612 | [ 1 S

" 4-E;

2
g .

J 1

A-Bj

i
J 1wl
A-Ej .

This, by Theorem 2.3, implies the relation (3.1.1).

From (3.1.1) follows for finite p

(3.1.3) }‘lf;f (ixi 'fi)2 < dp = ‘[(il" . fi)l - dpo.
= Y =0

We now require that every finite set of functions f; are linearly independent
with respect to the norm of L].

From (3.1.3) follows that they are also linearly independent in the
norms L} for all but a finite number of indices &.



A LIMIT THEOREM FOR ORTHOGONAL FUNCTIONS 277

We now call (3.1.1) the relation of convergence of moments. This
being established, suppose we fix ¢ and, using the Schmidt orthogonalization
on the first (¢4 1) functions fo, fi, .., fi of {fs} (in that order), so
construct the uniquely determined orthonormal elements k.0, ®Px,1,..., Pk,;
subtending a subspace Ex,; of dimensions # + 1 in the space L}.

We can do this for #=0 and all but a finite number of indices k.

We then have the following convergence theorems.

Theorem 3.1. lzim Px,i (*) = @o,:(x), for every ¥ in A where
S>o

the functions fo, f1,...,fi are finite, and the convergence
is uniform in each subset of A in which these functions

are bounded.

Proof: For k=0 and k2 K,K large enough, the functions
fo, f1, ..., fi are linearly independent in the norm of L}.

For such a k, the expression of @,; is given by

(3.1.4) P,i(x) = ZAQJ - fi(x).

=0
For the coefficients AP , we have Szego [2] pp. 23—28
(3.1.5) Px,i (%) = (Dx,i-1* Dx,i)™" + D i (%)
where

fo(xg) frix) ... fi(x)
folz)  fi(xm) ... fi(x)

fo@is) fi(®iz) .. fi(mimy)

‘ fo®) L) . fi(x)
folxo)  fi(xd) ... fica(%)
fo(®)  fim) .. fioi(m)

(3.1.6) a) Di..(%) = —:'—fj
A A

° Up (dxo) . }Lk(dxl) seo Mg (dx,’..l)

foiz)) f1(iz) . fica(®ien)
for 1 21.
b) Dx.o(x) = fo(x).
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fo®) fi(xo) ... fi(xo) Ez

fo(xl) fl(x:) f.-(x.)
(3.1. 7) a) Di,i= (1+l)’ J f

i
fo (z.) LG T @) !
mx (@%0) * 1 (d%1) ... di (dx))
for 120.
b) Di,-a = +1.

It is known that Di ;> 0 for every k and j. .
The coefficient Af? ; of fj(x) in the expression (3.1.6) for Dx,;(x)
is given by
(3.1.8) - ‘ ’fo(xo) o fi-r () firi(x0) . fi(xo) !
—1)+ fo(xn) v Jim1(x)  fin () . filx)
ap, = f [ N : ,;
b |fo(x.—l) i1 (i) i (xi2) f:(x.-l)l

?fo(xO) [ix) o fima (%)
'f..fxx) flfxl) f.--n.(xl) ) - 1 (d50) o (i)

fo(xier) Fr(micy) ... fica(xioy)
The coefficient 127 ; of f;(x) in the expression (3.1.4) for ¢x,;(x) is then
given by
AP,
(Dy iy Dy )% -

(3-1.9) Ko =

The integrand in (3.1.8) is the product of two determinants with ¢ lines
and 7 columns.

So letting the index v run through the values 0, 1, ..., j—1, 741, ...
% and the index @ through the values 0, 1, ..., (i—1), puting m =i -1
and designating the different values of v by v, vy, ..., v» and the different

values of w by wo, ..., ws we can put AP ; into the form
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Gl - 4p,=Ty

i
perm. on ¢ petm. on w

sign (0 N QNN ?:m) . sign (io, 1,.,m ) . ff'o("°) Sy (%) * 1 (o) -

Vo, Uty seey y W1, 00, Wi 4
J‘ fo (%) - S, (%1) -tk (dx1) ... f fv,.(xn) . fw,.(xn) © bk (d%m).
A A

.Applying the relation (3.1.1) to (3.1.10) we obtain :

lim AP = A® .
k—)@ k'j ol’

The same reasonihg applies to expressions Dy,i—1 and Di,; in the denomi-
nator of (3.1.9) so that we have

lim Dy, ;.1 « Dy,; = Do,i * Do, i-1.
k->w®

Since Dyiy Dys>0 for each R=K, K+1, K42, .. and
Dy, + Do i-1> 0, the coefficients in (3.1.4), converge, ie.

: G) — 10
(3.1.11) :ﬂlk’d. = 0.

Taking now into account the expression (3.1.4) for o« ;(¥) we get the
proof of the theorem.

We now study the convergence in the L’ norms.

We write ||-{s for the norm in L? and {/-|lo for the norm in L.
Theorem 3.2. For every fixed ¢

(3.2.1) ' kll_)tg Hok.ille = [{Po,ilo

and for eachm=1,2,.,. ot m=0and each 7 (m and 7 fixed)

(3.2.2) lim || Pk, ille = || Po,i]lm. -
k—>x

Proof : We take £#2 K(5), K being large enough for the functions
Sfo, [1, ., fi, to be linearly independent in all L. We have

lousllf = f{ilﬂ”,,'f;(x)]z * o (d7)
A = :
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=3 V10, [ 100 S0 i)
r=0 =~ A

which ‘implies (3.2.2) by application of (3.1.11).
We now let m vary, take m=~Fk, and (3.2.1) follows from (3.1.1).

We now take an (M )-measurable function F in 4 which is either
bounded in 4 or at least is such that the square F’ satisfies the requirements
of Theotrem 2.3 in such a way that the same sequence of sets {E;} can be
used for the functions F’ and an arbitrary finite set of functions from
the sequence { f;} . '

First of all, it follows (cfr. Theorem 2.2 or Theorem 2.3), by using
Schwarz’s inequality, that the Fourier coefficients af ; are well defined for
all but a finite number of indices &.

We now have the following convergence theorem.

Theorem 3.3. For each f fixed, we have

L op . aF
lim af ;= af ..
k >

Proof : For & ; K we have:

/ F (%) - @o,il%) - po(d¥)
A

— [F® oui@ - m@n| <
A

) jaf ,—af | =

PG - w0.56) - potan)
A

— [ F@ - 900 mul@m) | +
A

[F@) @6 - melan
A

- fF("‘) * Pk, i (%) - pe(dr)|.
A
Fitst of all, we see, using Schwarz's inequality, that the integral
f F(%) - o, i (%) - pa(dx) exists.
4

We examine separately the two. terms on the right of the above
inequality. For the first term we have,
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F () 9.0l5) = ;Ag?,; F® - /1.
If F- f; is bounded, Theorem 2.2 yields:

@ lm [F@- S mE) = Af F(x)- f;() - po(ds).
A .

If F - f;(x) is not bounded, by our assumptions for F we can use a
sequence of sets {E;} as in the proof of relation (3.1.1) and using the
same argument we see that the product F - f; satisfies all conditions of
Theorem 2.3. This shows that the first term vanishes in the limit.

For the second term we have,

S F @ @it = i) - ma@)|
|
A

11

£ [IFer-m@n|

A

: Ya
J 190 = s - e @)
A

By our assumptions for F,
lim j [F @] - pi (d) = Af [F (5)] - po(d2) < oo .

The second factor vanishes in the limit by (3.2.1), (3.1.1) and (3.1.11).
This implies the theorem.

For an arbitrary fixed p, we now study the convergence (on %) of
‘the projections P{ , defined in (1.1.2) of the function F on the (p + 1)-
dimensional subspaces Ex,p of the spaces L} in the sequence of spaces {L1}.
As in the case of the elements @«,; we examine the point-wise convergence,
the uniform convergence and the convergence in the norms L}. We always
take ¥ > K, K being large enough in order that the functions fo, f1,..., /s
be linearly independent in the norms of L} for ¥ 2 K. So the orthonormal
functions Px,0, Pk 1, ..., Pk,p are always defined. We have the following
convergence theorems.

Theorem 3.4. For fixed p, we have

:;lﬂPf"(x) = P§ (%),

in each point x of A where the functions fo, f1,..,fp are
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finite and the convergence is uniform on each subset

of A where these functions are bounded.

Proof: We have by (1.1.2) for k=2 K and for k=0

PL @)=Y af - oei(d),

)
i =0
so we just have to apply the Theorems 3.1 and 3.3 in order to prove this
theorem.

Theorem 3.5. For fixed p, we have

5. lim || PF Ik = || PF 1!
(3.5.1) lim || PE [l | Pg 4 llo.

and form=0orm=1,2,3,.. (m,p fixed), we have

(3.5.2) lim | PE ,llm = [ PE |l

Proof : Por k2 K and for k=0 we have,
?

?
ORI A Zaf.;-a,f,,--fcpk..-(x)-tpk.j(x)-pm(dx)
=0 j=0
| 2 ]
=EZ“£,; a; Z)_'”') <P ffr(x) JSo (%) um (dx).
=0 j=0 r=0 s=u

Now the application of formula (3.1.11) and Theotem 3.3 to (1) proves
(3.5.2), while if, in addition, we let m vary, take m =k and apply (3.1.1)
to (1) we get (3.5.1).

1V. Examples.

Let now the linearly independent functions fo(%), fi(x), f2(%), ...

be specified by the polynomials 1, %, x?,... We then get four examples
of Section III applied to orthogonal polynomials.

"1. As a first example we have the known asymptotic relation between
Fischer’s polynomials and Legendre’s polynomials (Szegs [2] pp. 33—34).
Fischer's poylnomials of order % are associated with the step distribution
function ax(x) with jumps of one unit at the points x =0, 1, 2, ..., k— 1.
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Hence, except for a constant factor, they can be represented by the poly-
nomials #* (x) and (¥ (%) of degree n and m respectively defined by

BB - (=2 . )
(2n+1) "om

+@ .
(4.1-1) f #)(X) . t(-k) (x) . da,, (x) =

n,m=0,1,2,.,8—1,

In the same way Legendre’s polynomials P,(%x) and Pu (%) of degree # and m
respectively are associated with the Lebesgue measure in [—1, +1) and

hence can be defined, except for a constant factor, by :

+1
(4.1.2) fP.(x) «Py(x):dx = "(—szm— « B m

n,m=20,1,2,...

After suitable normalization one can verify the conditions of Theorems 2.1

and 2.2 which implies Szegd’'s result i.e.

(4.1.3) lim 4 - O (k- %) = P,(2x—1).
k>

2. A second example is given by the known asymptotic relation of
normalized Krawtchouk polynomials to the Poisson-Charlier polynomials.
(Szego 2], pp- 34~—37). Krawtchouk’s polynomials p®(x) and p®(x)
of order % and degree # and m respectively are defined by:

+o©
(4.2.1) [ #9619 @) - o) = b,

”tm=0- l12’!")k1

where ax(x) is a step distribution function with the jump at the point
x of

(4.2.2) j(x) = (i) c pte (1= pY-s, x=0,1,2, ..,k
0<p<1

Poisson-Charlier’'s polynomials $,(%) and $m(x) of degree # and m

respectively are defined by



284 MARCEL F. NEUTS and POL V. LAMBERT

+@

(4.2.3) [ ) -5u () da(2) = B,

-
where a (%) is a step distribution function with the jump at the point x of

(4.2.3) i(x) =e--a"-(x)""; x=0,1,2...
i a>o0

After the normalization p - k = a, a fixed, letting & > oo (and hence p > 0),
one can verify the conditions of Theorems 2.1 and 2.3, which implies

Szegd’s result, i.e. for a fixed integer x 20,

(4.2.4) kl:)n; PP (%) = 5.(2)-

3. A third example is given by the known asymptotic relation of
normalized Krawtchouk polynomials to Hermite’s polynomials.
Hermite’s polyaomials H;(x) of degree ¢ are defined by:

40
(43.1) —17‘—_--fe-"-H,(x)-Hm(x)-dHz~-(nz)-a,,,.
b1 4 R

”r’”=0, 1,2,....

A verification of the conditions of Theorems 2.1 and 2.3, after normalization,
yields Szegd's result, i.e. letting 2z be real and letting x denote the greatest
integer <p+k+2z [2p (1 —p)- k)" where p and z are fixed and letting
k> o, this gives us for a fixed n,

(4.3.2) Em pO(@) = (2" - n!)y~% - H,(2).
]

4. As fourth and last example we quote the convergence relation of
normalized Hahn polynomials to renormalized Jacobi polynomials.

For brevity we refer to [3] pp. 1—~6 for the definition of Hahn
polynomials of degree #

Onx;a,8,8),a,8>—1;n=0,1,2,..,k—1;
and of renormalized Jacobi polynomials J.(z; @, f) of degree 7,

#=0,12 ..;a,8>~-1.
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The verification of the conditions of Theorems 2.1 and 2.2 implies
Erdelyi and Weber’s result i.e.

4.41)  lim W[k —1)-x;a,B,k = Jx[(1—27);a,B].
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