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ABSTRACT

The differential and total slow neutron cross sections by ortho-
hydrogen have been derived by ta]cing into account the removal of the
degeneracy of the rotational states of the molecule.

The result shows that the cross sections depend on the direction
of quantization as it is expected.

A numerical calculation for app]ication has been performed in some
typical cases and the result is shown in the graphs.
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1. Introduction *)

Solid hydrogen shows a X\ - anomaly in the specifié heat at
temperatures below 1.6 °K, which is caused by the ortho-H2
molecules / 1_7. The attempts to explain this anomaly assume

that the degeneracy of the rotational ground state of the
ortho-H2 molecule is removed by a crystalline field. Consequently,
the ortho-—H2 molecules are split up in two groups which have

a different z component of the rotational momentum, namely

mJ = 0 and mI = + 1. Furthermore, a cooperative ordering pro-
cess leads to the creation of an ordered state between these

two groups / 2, 3, 4_7;

The differential scattering and the total cross section of an
ortho-H2 molecule have been derived for these two groups of
molecules in order to evaluate: the possibility of obtaining
information about the structure of solid ortho-hydrogen below
the X\ temperature by neutron scattering experiments. The result
of this evaluation and the proposal for such an experiment have
been published elsewhere /75 7.

The theory given by Schwinger and Teller for the scattering

of slow neutrons by para- and ortho-H2 molecules in their
ground state / 6_/ has been modified in order to obtain for the
two groups of ortho molecules separate expressions of the total
cross section, of the elastic differential cross section and of
the differential cross section with deexcitation of the first
rotational state. For the derivation of these expressions it is
necessary to introduce as additional variable the angle between
quantization axis and momentum transfer vector and to evaluate
separately the transition probabilities from the initial states,
mJ = 0 and mJ = + 1 for the elastic and inelastic scattering

of a neutron by an ortho molecule. The obtained expressionc have
been evaluated numerically and some typical results are given in
the graphs of this report.

*) Manuscript received on ?3 April 1970
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for the transitions with spin change; a, and a, are the s%iglet
and triplet state scattering lengths for the free proton .
Both (1) and (2) obey the condition (-1)T = (-1)° imposed by the
Pauli exclusion principle; as a consequence the transition
selection rule (--1)J+S = (-1)J'+S' has to be observed.

In the temperature range of interest here the vibrational quantum
number v is always zero. In addition the considered neutron ener-
gies are too low to excite vibrations. For these reasons the

eigenfunction of the molecule is given by the expression:

1
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wvhere r, 0 ,X are the molecule coordinates with respect to a
system, where z-axis coincides with the direction of quanti-
zation g; r, is the equilibrium nuclear separation; Y; . (8,%)
is the spherical harmonic of 1th degree and mth order,’normalized

to 1 (*%),

-12

(*) a -2,373 10 cm
© -12

( 0,537 10 cm

a

(%)

For the notations used in the following, see J.M Blatt and
V.F. Weisskopf, Theoretical Nuclear Physics 1960, 781, 793,
and M.E. Rose, Elementary Theory of Angular Momentum, 1957.



If we write E. and EJ.,xux wne 1nwernldl energy of the molecule
in the state Belonging to the quantum numbers Jand J' with
v = v' = 0, the conservation of energy provides:
Mre
0= o) A h—‘;(Ej-Ey)

with

m:%-pﬁ; m,:%:pﬂn

M is the neutron mass.

After expanding the functions cos gi(F{Wxﬂ and

sin Eﬁﬁ_zﬁﬁi] of the expressiocns (1) and (2) in spherical

harmonics and integrating over r, we obtain
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with
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vhere i, (¥ ) is the spherical Bessel function of fractional orde
of first kind of the argument ¥ ; 8 and ¢ are the angular
coordinates of the x vector with respect to a system, where the

z-axls coincides with the direction of quantization and:

(5 ) l (l,m;m.],mT) = ( >/_L m(g,X)' X]!m‘l"(g‘X) >/'j.mg (Q,X)dw ;
37 o

The expression (5) is developed, by using the Clebsch-Gordan
expansion of‘)&@§BX)X”an) and the property of orthogonality
of the spherical harmonics; one gets:
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By remembering that CJ 70 (1,0,0,0) = O unless (-1)

the relation (4) is rewritten as:
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The following coefficients and functions are introduced:
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By developing (9); taking into account (10), one gets:
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The expression (11) is the differential slow neutron cross-sec-
tion in the center of mass system for an ortho-hydrogen molecule
in the ground state with the magnetic quantum number m_.

J
The most interesting transitions from the ground state J = 1 are
into the states J' =1, and 7' = O.
In the case of elastic scattering, i.e. J = J' = 1 the cross

section is
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and in the case of inelastic scattering, i.e. J =1 and J' = O
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(13) M & Cufi 3 (3myl-2)(3 cos?8o1] (53

Ko 2
in this process, the neutron gains an energy of 0.023 eV.

C. The formula of the tétal cross eection for the ortho—H2

molecule

From the definition of Y » & , andt it follows (fig. 1)
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D. Conclusions

The differential and total cross section for the two types of
molecule m, = O and m. = 1 have been numerically calculated and
the most significant results are shown in the figures.

According to these results cne may conclude that the most
promi:ing experiment is the measurement of the differential
crocss section for a single crystal, because one can analyse
one of the two processes: T =1, T' =1; J =1, 7' = 03 for the
total cross section the two processes overlap and nc real

difference is detectable.

According to these results it is possible to obtain information
about the solid ortho-hydrogen below the A ~-point by measuring
the differential cross section of a single crystal of o-H, for

temperatures above and below the A -temperature. The implications
and the possible results have been discussed elsewhere. /75 /
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