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ABSTRACT

This report deals with the problem of determining some of the fundamental
parameters of stationary ergodic random signals (mean value, auto- and cross-
correlation functions, covariance functions, probability density, etc...), using
continuous estimators and working from time history analog records.

Within this context particular reference is made to the possibilities of the
S.D.A. statistical analyzer, designed and built at the J.R.C. — Euratom, Ispra.

KEYWORDS

AMPLIFIERS
LIOUVILLE THEOREM
AUTO-CORRELATION
FUNCTIONS
PROBABILITY
DENSITY
MATHEMATICS
NUMERICALS



1.)

2.)

3.)

4,)

5.)

6.)

7.)

8.)

CONTENTS

Introduction

Mean value esStimation ceeeeescescccecccseccscsssassscssssrsscssscsscs

Mean square value estimation ...cesessssecrocsssscsoscasconnsasccss

Correlation function estimation cc.eeceesccccecssscccscsssossscsossssses

3.1.) Cross-correlation function estimation eeeecesccessecscescoss

3.2.) Auto-correlation function estimation ..ceeececcceccccascacacses

Covariance function estimation ecceeeccessssscccssscscsscscsascssascas

Estimation of the mean value and of the mean modulus by the S.D.A.

analyzer ....

Estimation of the correlation functions and the mean square value
using the S.D.A. analyzer ..ccceecesscscsoscccosssoessccsosssscnsss

Probability density estimation s.eeceeecsecscscsccsccssosconcscscsas

7.1.) First-order probability density estimation ceeeecssssscsssse

7.2.) Joint probability density estimation ..ceeeesescccsccsccsses

Estimation of the probability density by the S.D.A. analyzer ......

Appendix A ..

Appendix B ..

Appendix C ..
c.1.)
c.2.)
c.3.)

C.4.)

References

Introduction ® & & 0 0 0 8 00 00 00O 000020 s 00O S e 00NN
Programmes for D.V.M. operation ..ceccieesccscss

Programmes for the calculation of the auto and cross-
correlation functions .eeceeccesccoscsscsseancccnses

Programmes for determining the probability densi-

tieS ® 0000000000000 8000600000000 006006000000e0060PO0O0OCIILIEOIS

pag.

"

1"

5

13

17
17

21

&

52

58
38
41

14

50



FIGURE CAPTIONS

Fig. 1 -

Fig. 2 -

Fig. 3 -

Sequential operating diagram of the D.V.M. function
of the S.D.A. .

Sequential diagram of the S.D.A. operation for evalua-
ting the correlation functions.

Sequential diagram of the S.D.A. operation for evalua-
ting the probability density functions,

LIST OF TABLES

Table C.2.1.

Table C.2.2,

Table C.3.1.

Table C.3.2,

Table C.4,1.

Table C.4,.2.

Programme for calculating mean values and mean absolute-
values (D.V.M. function).

Programme for evaluating the static characteristics of
a system (D.V.M. function).

Programme for evaluating auto and cross-correlation func-
tions,

Programme for evaluating the normalized auto and cross-
correlation functions.

Programme for evaluating the first order probability den-
sity.

Programme for evaluating the first order probability den-
sity and the joint probability density.



ON THE STATISTICAL PROPERTIES OF SOME ESTIMATORS

OF LINEAR SYSTEM PARAMETERS IN TIME DOMAIN ANALYSIS *)

INTRODUCTION

. 1 : s
In a previous report ) we discussed the statistical
properties of continuous estimators of some functions belonging to the
frequency domain (power and cross-power spectral densities and Fou-

rier transforms) in the case of random, stationary ergodic signals.

In this report a similar sort of study has been extended
to cover the correlation and probability density functions, A know-
ledge of these functions, like that of those mentioned in the first pa-
ragraph, is of great interest for the identification of systems and
processes and for choosing the most appropriate and accurate mathemati-

cal models 2) 3).

As a particular example, the cross-correlation function
has proved itself to be most helpful in studying vibration transmis-
sion pathe in installations and structures, while probability density
can indicate the presence of non-linearity in the processes or systems
being examined, as well as provide some informations about the nature

and the origins of the noise 4) 3

) of system variables,

As already in the case of spectral estimators, 1) the
estimators analyzed here are also of a general type and constitute the
algorithms upon which the operation of the S.D.A. statistical dy-

namic analyzer, built at C.C.R. - Euratom, Ispra, 6) 7) is based.

*) Manuscript received on 21 May 1970



1.) MEAN VALUE ESTIMATION

The mean value ux of a random variable x(t) is

defined as 8)

., = E(x(t)) (1)

X

but in the cases where  x(t) is stationary and ergodic, one can sub-

stitute for relation (1) :

T
B, = l.i.m. %f x(t)dt (2)

T» o

in which l,i.m, means limit in mean square 8).

It must be noted that for (2) to be valid, (and together
with it similar expressions (25), (42), (56), (63) which are rela-
tive to the mean square value and to the correlation and covariance
functions) it is not necessary that x(t) and y(t) are ergodic
in the strict sense (strongly ergodic): it is sufficient that they
are ergodic with respect to the covariance functions, Random func-
tions are said to be strongly ergodic if the equivalence of time and
ensemble averages is extended to all their statistical properties,
Taking into consideration expression (2), the mean value of a statio-
nary, ergodic random signal  x(t) can be estimated by using estima-

tor:

u

T
x = %J[ x(t)dt (3)

o

having chosen the instant at which the measurement begins as the time -

axis origin,

./.



Let us examine estimator (3), which is an unbiased estimator, as 8)
9
)
T
- 1
i) = [ seNar = ou W
o

where we used the interchangeability property of the operation of fin-

. . . . . . 0
ding the mathematical expectation and the operation of integration 1 ).

Because the estimator we are dealing with is unbiased,

its mean-squared error is equal to its variance, which is given by:

2
A CRIERE GO E R IR GRS (5)

Substituting (3) in (5) we have:

n
n

var(i,)

T T
E [-—;—; [ x(t)dt/ x(‘r)d‘r]- u;

T T T T
-#[ /E(x(t)x(r)] at ar - u; = #[ / C (t-T) at ar
(o) (o) o o (6)

whieh gives at last 8):

var(i_)

%/:( : %) ¢, (0) o (7) ar (7)



where Cxx is the autovariance function of x(t) and pxx(T)

is the normalized autocovariance function, given by:

CXX(T )

(8)
¢_.(0)

P (T)

If x(t) is a real function, its covariance function is real and (7)

can be reduced to the form:
T
(6) = 2[ (1-%)c (0)p (r)ar )
varlkh,) = 7 T XX XX
o

If the autocovariance function Cxx(T) satisfies the condition:

T
. 1 [/ T
é_lwﬂi 3‘/ \1-§>Cxx('r) ar = 0 (10)
(o]

we can say that the estimator (3) is consistent, as:

1im var(ﬁx) = 0 (11)
Tepoo

The condition  (10) is satisfied in the case of ergodic processes 8).

It will be observed that while the property (&) is a
guarantee against the appearance of a systematic error when replacing
the mathematical expectation by its estimated value, the property of
consistency guarantees that we can reduce the statistical errors by in-

creasing the time T of integration,



I1f the integration shown in (3) is repeated k times,

and the results averaged out,the following estimator is used to deter-

mine the mean value:

t.+T
i

j x(t) dt (12)

Wx <

>
3l
o B
gl
d »

o
[}
-—
o

. th .
i repetition be-

indicates the instant at which the

where ti
gins; this estimator, like the preceding one, is unbiased, inso far
as:
k t.4T
B, 5) = + L : E(x(t)) dt = u (13)
Kx X T x
X t.
i=1 i

as the expected value operation is a linear operator.

(12) is concer-

Y
.

Hx’o ’

As far as the variance of the estimator

it can be obtained simply be considering the estimations

ned,
k  repetitions,

I } eccsses ﬁ of the mean value found in the
x’1 x,k
as k measured values of a random process. The sample mean is
therefore:
k
1"—\
iy = EZ_ (14)
i=1

where the subscript i indicates the result of the ith measu-

rement.,
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Hence we can write:

] - olal-Blad) - [

L
[N
1>
>
e
-
[
N
1
1
=
“M

and, by developing (15):

»

k
i=1

k
1\ 1 o N
A = E|— a2 o+ = ) . |- 16
"arl:k“x:] [kz >,“x,1 & Z“x,l ”x,J:I Hx (16)
i,j=1
i#J

Remembering that for two random variebles 2z and w we can write
8
)

5(2) = o+ B2 }2

r s
E(z w) = L

(17)

R
n

11 sz(T) = E(z] 'E[w] + pzw(T) sz(O) wa(O) =

I

E(z)-E(w) + pzw('r) T0,0 0,

where «., 1is the moment of order r+s, expression (16) can



be rearranged:

k
- 1 . 2 k=1 o 1 . \ (oY 2
wrla] = e Jon ) B Sefa] ) ngn-a

i,Jj=1
iz
k
= Lvar| 142 \
Tk " Hx,i k Zl_pij(r) (18)
i,j=1
i#
where pij(T) represents the degree of correlation existing between
the values assumed by the variable x(t) in the ith interval and

those assumed in the jth interval,

We can reduce (18) to a simpler, though only approximate, form:

. l:kﬁx] . [ ﬁx’i :‘ 1+(k-11)( pk(r) +9)

where pij(T) is infact assumed to be constant whatever the values

of i and J.

From (18), remembering that var(ﬁx i) is actually
?

given by the second member of (7) , we have:

lim var kﬁx ‘ = 0 (20)

T o LI -

by virtue of the hypotheses already made for the case of estimator (3),

except that now the convergence is more rapid because of the divisor k .

It can once more be seen that similarly:

ofs
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lim var l:k&x] = 0 (21)

k> o

even if T remains a finite value.

This is all gobviously valid when pij(T) is less than unity. If
p..(T) was equal to one, however, the repetitions would not have any
1y

effect, and the result would be:

varl’_kax:\ - e, | (22)

as can be imagined from the fact that a pij(T) with identically uni-
tary values would be the same thing as always making measurements over
the same time interval, The most favorable situation, however, is
that of completely uncorrelated measurements, for which pij(T) has

a value of zero, so that we have:

wl] - d o] .

In order to have pij(T) values small enough, it is obviously neces-

sary to choose the instant t from which the measurements begin suf-
ficiently far apart.

In practice pk(T) will be greater than zero but less than one, because
of which the variance of estimator (12) will be less than that of

estimator (3).

In appendix A a direct procedure to evaluate the influence

of the repetitions on the estimate variance is shown.

The S.D.A. analyzer employs estimator (12) 1in order
to determine the mean value of a signal under examination; the estima-
tion of the mean value is done by S.D.A. when used as a digital voltmeter

(D.V.M. function): more details will be given in chap. 5,
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2.) MEAN SQUARE VALUE ESTIMATION

— )
The mean square value x~ of a random variable x(t)

is defined by:

myx = E[xz(t):\ (24)

where the symbol m, . of the moment of the second order is introduced.
b

If x(t) is stationary and ergodic, we can write:
T

m = 1l.i.m. l/ x3(t) dt (25)

o]

Let  x(t) therefore be a stationary ergodic random signal; its mean

square value can be evaluated by the estimator:

T

2 - %/ x2(t) at (26)

2,x
o

which is unbiased, since its expected value is given by:

T

E[ﬁz’x:) = %j E[x’(t):\ at

Let us now look at its variance (equal to its mean-squared error, owing

n
8

2,x (27)

to unbiasedness of the estimate) :

r» -1 A 1 ~ 2
varl m2,x_} = E[m;’x_J - {E rmZ,x] }

- mg,x (28)

"
=1
M
Y
»”
L
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from which, introducing (26) and carrying the mathematical expectation

operation inside the integration operation, we obtain:

var| m = i fTE 2 (t) x%8) | dt a6 - m? (29)
(B ] = 5[ [ 00 jew-n,

Remembering now the expression relating the mathematical expectation

of the product of four normal random variables to their correlation

. 11
functions and mean values ):

E[xlx"’xsxt] = R12R31‘_ + R13R2)+ + R114.R23 -2 irl g JT:3 J?4 (30)

we can rearrange equation (29) , so that it becomes:

T T
a _ &_ f 2 _ - 4
var[m2’x] = T,/] R (6-t) at a6 - 2 (31)
[o] [o]

If we wish to express (31) in terms of the autocovariance function

c (1)
XX

var[{ﬁz’x:\ = % [:( 1 - J—Z;'—)l: C;x('r) + 2.41)’c Cxx('r)] dr (32)

If x(t) is real:

<1 _L)i_c;x(-,—).,zu';’( cxx(f)]ar (33)

and to resolve partially the double integration, we have finally:
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In both cases the variance tends to zero if T tends towards the in-
finite, always presuming that the autocovariance function and its squa-

re are absolutely integrable; if this is so, then:

lim var[ﬁz’x] = 0 (34)

Ty oo

namely, the estimator is consistent.

Where the measurement is repeated k times and the k results

are averaged out, the estimator takes the form:

k t.+T

o 11 o,

km2,x = T X z / x3(t) dt (35)
. t.
i=] i

. . . th ,
where t, is the instant at which the i repetition commences.

This estimator is also unbiased:

k ti+T
a 14 _
EI:_ka,x:\ = T3 yf El:xz(t)]dt = (36)
- T,
i=1 i

while as far as its variance (equal to its mean-squared error) is con-

cerned, what we have already said about the mean value estimator is va-

lid. One has, in fact:
/
k
s 1 - il .1 . B

var[kmz’x_l = kL1 + ky pij(r)] var[ﬂlz’x,iJ (37)
i,j=1
i#d

where var[:ﬁz x ;] represents the variance of an estimate carried

b b

out by a single measurement, and is given by expression (32).

0/'
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By assuming pij(T) to be constant whatever the values

of i and j 5 we can write the approximate, simplified expression:

varl.kr‘ﬂz’x:\ T var [az,x’i] 1+(k-1:pk(f) (38)

The less the different measurements are correlated, the greater is the

efficiency of the repetitions in reducing the estimate variance,

Where x(t) has a mean value of zero, (38) becomes

(if  x(t) is real)

(k=)o (1) T
. 1+(k=1)p, (T . .
e[y |- S b [O(T-r> () @ (39)

where the autocorrelation function Rxx(T) has been expressed as:
- 2 _ .
R () = o2 -p(r) = wvar(x) * p(r) (40)

It will be observed that, if x(t) has a mean value of zero, the moment
of the second order, or mean square value My o coincides with the
’

variance o2
x

In the S.D.A, statistical dynamic analyzer the estimation
of the mean square value is done on the basis of estimator (35); more

information about this will be given in chap. 6.
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3.) CORRELATION FUNCTION ESTIMATION

3.1.) Cross-correlation function estimation

Let us consider two random variables x(t) and y(t) ;

their cross-correlation function is defined as 11) 12) :

RylT) = E[X(t) y(tW)] (41)

If the variables are stationary and ergodic, the cross-correlation func-

tion may be computed by a time average, that is 13):
T
1
ny(f) = %.i.:. T/ x(t) y(t+7) at (42)
o

Therefore, as in the case of mean square value, the estimator of the cor-
relation function of two real ergodic stationary random functions can

be provided by:

T

a -~

R (r) = g | *£) yter) at (43)

o

where T is a sufficiently long period,

Let us look at the properties of this estimator. We find:

E[‘ﬁxy(r)_‘ = -,},/TE[x(t) y(t+‘r):| at = ny('r) (44)

that 'is, it is not biased.

of e
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Its variance (equal to its mean-squared error), defined as:

var [ﬁxy(r)] E [ﬁ;y(r) ] - { E [ R, (r )] } i (45)

is given by:

T

. ,
1 2
'-1'1/0 j E [x(t) y(t+r) x(8) y(9+1'ﬂ dt a6 - ny(r)

o]

var [ﬁxy(r ):i

(46)

Expression (46) shows that, in order to evaluate the variance of the
estimator of the cross-correlation functions, knowledge of the correla-
tion functions is not sufficient; it is also necessary to know moments

of higher order.

Nevertheless, when the random processes under examination
are normal processes, the moments can be expressed in terms of mathema-
tical expectations and correlation functions,. In general, for four
normal variables xl(t) s x2(t) s x3(t) and xa(t) »  expres-
sion (30) has been proved.

In the present case we can write:

y(t+1)

x(t) = x(t) x; (t)

x(6)

.e
“

(47)

% (t) y(6+1)

%5 (t)

for which (46) becomes:



var [ﬁxy(f)] - i; /T /TEz;y (1) + B (0-t) B_(0-t) +

+R (9+1'-t) R (O-t-fr) -2 u;:l at a6 - R’xy(T)

(48)

which, when developed, gives us the expression we are seeking:

varI:ﬁxy(T):l %/T (1 - Ml)[R (n) R (n) + Ry (r;+-r Ryx(n-r):l dn +
=T

-2 yu

2 2
x My (49)

or, in terms of covariance functions:

var [:ﬁxy(" ):\ %/T <1 - M) l:Cxx(n) Cy(n) + € (mer) € (n-f):‘ dn +
-T

T
1 InlN[, .
+ T/ (1 -—'1"—/[_ o (r;) + W30 (n) + uxunyy(n-l-T) +
=T
it S lrer) | an (50)
Therefore, where c o ny, Cxx'cyy and ny- ny are absolutely
integrable, (50) allows us to write:
limva.rI:ﬁ (r) = 0 (51)
oo Xy 5
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which means that estimator (43) is consistent,

Formula  (50) is quite complicated and it is often rather
difficult to prove that relation (51) is satisfied. For practi-
cal purposes it is therefore more convenient to observe that (51) is
proved if the covariance functions Cxx’ c , c decrease in-

yy xy
definitely in absolute value as |7| tends to infinity.

We repeat that stationary random variables x(t) and
y(t) which satisfies relations (10) and (51) are said to be

ergodic with respect to the covariance functions.

If we consider the estimator relative to the case of k
repetitions for the cross-correlation function too, it can be expressed

as:

kny('r )

L B

,11, }: / x(t) y(t+’r)\dt\\ (52)

which is unbiased, as:

k t. 4T

l‘k xy(r):l Z [ 1 E[x(t) y(t+r)1 it = ny( ) (53)

1:1 ti

while its variance can be expressed as a function of the variance of esti-
mator (43), of the number of k repetitions, and of the degree of
correlation pk(T) existing between the k measurements; the for-
mula is the same one already seen in the case of the mean value and

mean square value:

var [:kﬁxy('r )]

ne

. 14+(k=1)p, (1)
var [ny’i(T):l - X (54)
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the considerations already made for relations (19) and (38)

beeing also valid for expression (54).

3.2,.) Auto-correlation function estimation

What we have said about the cross-correlation is substan-
tially valid also for the autocorrelation function,

The autocorrelation, defined for a random variable x(t) by :

R (1) = E[x(t) x(tw)] (55)

can, if x(t) is stationary and ergodic, be expressed as :

T
Rxx('r) = 1l.i.m. -1-[ x(t) x(t+r) at (56)

T
T » o

for which one can in practice use the estimator:

T
ﬁxx('r) = %[ x(t) x(t+7) dt (57)

to estimate the autocorrelation function of an ergodic random variable.
This estimator, like that of the cross-correlation function, is unbia-

sed:
E[ﬁxx("):l = -%/TE[x(t) x(t+-r)]dt = R_(r) (58)

while its variance is given by the expression:
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var [ﬁxx(r ):‘ = %f:@ -I_Z"-> [R’xx(n) + R (n+1) B (-7 ):| an - 2 ul

(59)

which can be obtained rapidly from (49) by substituting the variable

X for the variable vy .

In terms of covariance functions, the expression of the
variance of the estimate of the autocorrelation function is obviously
similar to expression (50), from which it is obtainable by substitu-
tin for and C for C and C__.

& Fx uy XX Xy yy

As far as the consistency of the estimate is concerned,

what we have said for the cross-correlation function is also valid; the

relation which expresses this consistency:

lim var|: ﬁ ('r )—l = 0
Toooo xx (60)
is proved in the case where Cxx and Cix are absolutely integradle.

An estimator which takes into account k repetitions of

the measurements can also be considered for the autocorrelation:

kﬁxx('r) = -1k- % Z JIP x(t) x(t+r) dt (61)

1

k t,+T
i
t,
=1 i
For the properties of this last estimator we can refer back to what was

said about the cross-~-correlation functions.

In Chapter 6 the procedure by which the S.D,A. analyzer
evaluates the correlation functions will be described. This procedure

is based on estimators (52) and (61).
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4,) COVARIANCE FUNCTION ESTIMATION

Let us consider the usual two random variables x(t) and

y(t) ; the cross-covariance function is defined as:

o) = B[ [ X0 - wy ][ 3em) - ] ] (62)

or, if the variables x(t) and y(t) are ergodic with respect

to the covariance functions (weakly ergodic):

6,y(T) = L.iom. % /T[ x(t) - ux][y(tﬂ') - uy:l at (63)

The cross-covariance estimate ny(T) can consequently be defined by:

6 () = %ﬁpm-QPWﬂwJu (64)

In practice the effective mean values Hy and uy of the variables
x(t) and y(t) are replaced by the estimated mean values ﬁx
and ﬂy; because of this the following estimator is the one actually
used:

T
b 1 3 PS »~
Coy(™) = Tj x(t) y(ter) av = A -ny (65)

o

a

which means that the cross-correlation function ny and the mean
values ﬁx and &y are measured separately, and from these

measurements the cross-=covariance is then deduced:

éxy(f) = ixy(f) - ﬁx' &y (66)
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Let us now look at the properties of this estimator. As far as
the bias is concerned, we have that the expected value for the estimate

cxy(T) is given by:

JEC )] PG )] - | i (67)

which, rearranged on the basis of what we said about the estimates of the

correlation function and of the mean values, becomes:

E[axym] . nym-;—;[T/TE[:x(t) y<e)]at 6  (68)

and finally gives:

T
. - 1 Inl \ |
E[cxymj - ny<f>-Tf <1- ) Gy (1) @ (69)
=T
Hence axy(T) is a biased estimate of the cross-covariance function
ny(T); its bias is given by:
' Y/ Il
. A _ 21 n
blas[ny(T):] = T/ \1 - ny(")d" (70)
-7

If however the cross-covariance function is absolutely integrable, the
right hand member of equation (70) tends to zero when integration

time T tends to infinity, so that we haye:

lim bias[axy('r)] = 0 (71)

Ts 0
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which means that:

;;wE[éxym] - o () (72)

so that we can say of the estimator under examination that it is unbia-

sed in the limit.

~

It is clear from (72) that the estimated value ny( T)
can assume the true value ny(T) only by taking the measurement
time to infinity. But it is also obvious that if one could replace
the estimated mean values ﬁx and ﬁy by the true mean values pu_

and py in (65) , then the estimator would be unbiased.

In order to see now whether or not this is consistent, it
is necessary, on account of the bias, to evaluate the mean square error

and not the variance. The mean square error (m.s.e.) is defined

by:

SRR E{[&xy(r) SOl (73)

or, in terms of the variance and the square of the bias:

m.s.e. l:éxy(r )] = var [:axy(T )jl + bias? [exy(T ):I (74)

where the bias of the estimator has the expression we gave in equation
(70), while the variance of the estimate can be evaluated on the ba-

sis of the definitions

var [exy<f )] - = { [exy@ )] } - {E [éxy<f )] }’ (75)
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The strict development of expression (74) 1is given in appendix B,

for the sake of accuracy, but it has no effective or practical interest
because the final expression is too complex. For this reason it

is convenient in practice to construct a simplified form of this expres-
sion, even if it is only approximate, by replacing the mean estimated
values ﬁx and ﬁy by the mean values Ky and uy .
This does not lead to a significant error, since the variance of the

estimator of the mean value is rather small.
Ignoring thus the difference between the estimated mean

values and the effective mean values, estimator (65) can be written

as:

E() = % fT [0 = ] [tom) -y e (76)

which gives an unbiased estimate of the cross-covariance function, so

that the mean squared error of the estimate becomes:

m.s.e.[exym] - var[exym:‘! - E{[éxy(f)]"’}-c;ym -

L

On the other hand we know that:

B { [exym]" }

T

L /T [ B { [xu)-ux] |:y(t+'f)-uy] [X(G)-ux] [y<e+r )-uy:ldt a =

it

T
¢z (1)s %J[ T<1- '%') IZCU(")CW(") + G (7 )G, (et ):, an

(78)
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for which the approximate expression of the mean square error of the

cross-covariance estimator becomes:

m.s.e. l:éxy(r )] = %[ :<1- l’qi)[cn(n)cw(n) + cxy(nw)ny(n-'rSJ dn
) (79)

which, if x(t) and y(t) are ergodic, tends to zero if T tends

to the infinite.

As far as the autocovariance function is concerned, every-
thing that has been said for the cross-covariance is valid.
The relative formulae can be obtained immediately from the analogs given
for the cross-covariance by substituting x(t) for the variable

y(t).



5.) ESTIMATION OF THE MEAN VALUE AND OF THE MEAN MODULUS BY THE S.D.A. ANALYZER

The S.D.A., statistical dynamics analyzer evaluates the
mean value and the mean modulus of the x(t) and y(t) signals

being examined,on the basis of estimators:

k ti+T
s a 1 1
x = [ = 'I;EX/ x(t) dt (80)
=1 Y
t,+4T

|

x®
1

Ll B

3=

x|

k b
f/t Ix(+)] at (81)
j=1 1

and on the basis of the similar estimators relative to variable y(t).

The quantities @y B: » (i and &3 supplied by the analyzer

i i
to the computer which carries out the averaging and the normalizations

on them, are given by:

t+T £, 4T
a, = / fx(t) at = %j x(t) dt (82)
ty ts
t,+T t,+T
. 1
B, = j £ (t)] &t = 3[ |x(t)] at (83)
t, t,
t.+T ti+T
]
Y, = [ fy(t) at = F/ y(t) at (84)
ty ty
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5, = fl |fy(t)|dt = %/ ly(t)] at (85)

where fx(t) and fy(t) are the output frequencies of the voltage
to frequency convertors of the x and vy channels respectively,
and |fx(t)| and |fy(tﬂ are the same frequencies taken always
with a positive sign; the proportionality coefficient of the voltage

to frequency conversion is indicated by h .

Finally the analysis time T is equal to n times the unity T

m
of machine time, equal to 10 milliseconds:

while the instant at which the ith repetition starts is indicated

by ty - From the above, and on the basis of (80) , (81) and

(82) .... (85) , we have:

K h k
A - L = X
Hy Tk nTmhyai - nk}_al (86)
i=1 i=1
k h k
- 1 1 v
HFilxl 5 % = T, h B;wﬁl = 7x/P (87)
i=1 i=1
x -
- 1 1 _ v s
Hy = ¥ nT B > ¥ * Tk §rxx1 (s8)
m l .
i=" i=1
k h k
a 1 1 v
ly] = kX =nT h 781 " nk 83 (89)
m [
i=A

He
n"
ha
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The hv factor which appears in expressions (86) to (89) is
the normalization coefficient of the S.D.A. when operating as a di-

gital voltmeter (D.V.M,) 7) and is equal to:

h = - (90)

In the D.V.M. operation, the S.D.A. apparatus can be employed to
obtain the static characteristics of a system.

In fact, if x(t) is the perturbation signal sent to the system or
process being examined, and y(t) is the reply of the system itself,
one can obtain, point by point, the static characteristics A of the

system by giving to  x(t) a step by step behaviour:
. ¢
A = 3 (91)

The averagings performed on x and y serve in this case to reduce

the influence of spurious noise which is superimposed upon the useful

signals. We can write:
k
73’.
i
a by ﬁ i=1
A = :f- = :l = (92)
X H

]
R
e

v

Fig. 1 gives the sequential operating diagram of the D.,V.M., function
of the S.D.A. analyzer, and Appendix C.2 describes the corresponding
calculation programmes for cases where an Olivetti P102 1is used as

final computer.
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ESTIMATION OF THE CORRELATION FUNCTIONS AND THE MEAN SQUARE VALUE

USING THE S.D.A. ANALYZER

The mean square value, and the auto and cross correlation
functions are evaluated by the S.D.A. on the basis of estimators of

the type (35), (52) and (61); in particular!

n
R e [T
= = = 3
By x - nz [ x3(t) dt (93)
i=1 %
n
k YT
s 1 f ’
Rxx('r) = 3 -HZ [ x(t) x(t+r) at (94)
R t,
i=1 i
n
X g k. ; ti+ e
R = ¢ ;Zf x(t) y(t+7) at (95)
t,
i=1 i
where as usual k indicates the number of repetitions, while the ana-

lysis time T is expressed as the number of cycles of the reference

7
generator frequency ):

T = 2
- f

The lag T of the correlation functions is given by 7):
_ 1

T T T

Now, in order to evaluate the normalization coefficient for the correlation,

it is necessary to consider the operation of the S.D.A. more closely.
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Let us take the case of the mean square value m s

i,e., the autocorrelation of x(t) for a lag of zero. 2o
The input signal x(t) , after having been led to dynamic 2A by
anplification, is sent to two level-comparators and compared with two
mutually independent reference voltages (one with a saw-tooth form,
and the other one randomly variable and equiprobable on 2A ) , such
that the probabilities pl(t) and p2(t) that x(t) will be

greater than the first and second comparison voltages respectively are

equal 14) . These probabilities are proportional to the amplitude
of the signal x(t) under examination 6) 12):

x(t) + A
p ) = py( = XA (96)

where 2A is the dynamic, in amplitude, of x(t) after having
been amplified.

The probability that a logical exclusive-or operation applied to the
logical output voltages of the two comparators will give a positive

result, is equal to:

p, = pu(x) * pa (x) +[1 - pl(x):H] - pz(x):l (97)

while the probability P, that the result of the exclusive or opera-

tion will be negative is equal to:

p, = P(x) [1 - Pz(x):' + pa (x) [1 - pl(x):| (98)

Introducing the expression given in (96) for pl(x) and pz(x) ,

we find:
x3(t) + A2
p =
P - A= x3(t)
n " (100)
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A bidirectional counter placed after the exclusive or circuit gives
us a measurement of the difference between the time during which the
output of the exclusive or is positive (positive count) and the ti-
me during which it is negative (negative count) .

This time is given by the difference between the two probabilities

P and p

P, " p = T (101)

where the time is given in relative units, as a fraction of the total
analysis time.

It is measured by the bidirectional counter, by means of pulse counts;

if ft is the timing frequency, we have:
b+ § ~
3 1 —
a. = () o gy . LB (102)
i 2 t 2 T 7t
% A A
i

If we consider all the bidirectional counters, their contents xy >

ﬁi ’ Xi and Bi are given by:

b+ n/f

ay = /. .Eéiiil_ £ dat
t, A% t (103)
1
t,+ n/f
B, = x(t) x{t+7) £, at (104)
t, AZ
1
t, + n/f
i
Y. = [ x(t) y(eer) o o, (105)
i 2 t
& A
i
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b+ n/f

5, = / _y:?('i.)_ £, dt (106)
t
i

because of which, considering the case of k repetitions, and taking
93), (94) and (95) into account, we can write the following rela-

tions which evaluate auto and cross-correlation functions and mean

square values by means of @ s ﬁi ’ Xi and Bi H
k k
- 1 1 f 1 1 f ‘
P2,x A f, k n X“i h kX n 2“1 (
c
i=1 i=1
k k
11 £ 11 f
= AP = = = = T T T 108
Ree(T) = A f, kn>ﬁ1 h k nyﬁl (108)
1:1 1=1

k k
11 f 1 1 £

R (1)=A’———§X - ———yr. (109)
xy ft k n . i hc k n /1

i=1 i=1

k X
A R RN 1.1 f
E - A2 J. 1 2 } 5. = — - e 2_/8 (110)
2,y ft k n yARE: hc k n i

1:1 181

The normalization coefficient hc introduced in the right hand mem=
bers of (107) ....(110) 1is given by:

2
- £
t
where ft varies from decade to decade, and A 1is equal to 10 volts,
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If we wish to obtain the normalized correlation functions,
in such a way that they vary between a maximum of one and a minimum of

zero, the formulae become:

k
. 11t
M2,x h, k n }E\ai (111)
i=1
k
T
Rxx(T) Rxx(T) _ i=1 ( )
~ = - 112
i k
Rxx(o) B, x X )
2—7a.
i
1=1
k
—
Ny,
-~ ~ / 1
ny(T) ny(T) {;1
. - = = s T (113)
m . o
JRXX(O)-RW(O) J 2,x * 2,y ' 2“1 - ) 8
i=1 i=1
k
@ = -1z Ea. (114)
2,y hy k n o1
i=1
In fig.2 a sequential diagram of the S.D.A. analyzer opera-
tion for calculating the correlation functions is shown. The operations

performed by the computer, which constitutes the final element of the SDA,
are listed separatdy from those performed in the upper section, called the

analyzer, and which carries out all the elaborations on the signals to be

examined.

Appendix C.3 describes programmes usable with an Olivetti

P 102 computer,
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7.) PROBABILITY DENSITY ESTIMATION
7.1.) First-order probability density estimation
Given a random variable x(t) , the first order probability
density px(f) is defined as:
T

p.(€) = 1lim = lf aT' = 1lim —g—' (115)
x . Ax T . Torco

Ax-o0 Ax+o0

where T indicates the measurement time, T the total time during

x(t)
and finally

which, in the course of the measurement, the variable
&= Ax/2 & + Ax/2 ,

is the amplitude of the window centered on the value

has as-
Ax

& under exami-

sumed values between and

nation.

The estimator of the first order probability density can

thus be the following:

. 11 . 1T
px(f) T Ax T./ dr Ax T (116)
o
The expected value for the estimate ﬁx(f) is given by:
s 1 T 1 Ax
Epr(f):l = Ax El'\ T ] T Ax px( ¢ 2 > (117)

1+

where px(§

will be within

the value ¢&:

Ax/2)

the amplitude window

indicates the pr bability that the value of x(t)

Ax centered, as already said, on
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E+Ax/2
p.(n) dn (118)
£-AXx/2

+ Ax
p,:<f 3 )

Expression (117) tells us, therefore, that generally estimator (116)
is biased; the value it gives is not in fact precisely px(f) » but
the mean of the values it assumes for values of x(t) included bet-
ween £ - Ax/2 and & + Ax/2 .

This bias can obviously be reduced by reducing the window amplitude Ax .,

On the other hand, estimator:
A 1 T T!
p_ (e £ =X = =/ aT* = =
px( 2 T T (119)

o

is unbiased, as its expected walue is:

E[ﬁx<§: ‘;—")] = E[%ﬂ Px(“ Az"‘) (120)

i.e., it gives us precisely the integral of the probability density inside

the amplitude window.

The mean square error of the determinations carried out by
means of estimator (116) 1s not easy to evaluate, but can be expressed

fairly approximately by the following relation 15):

(121)

8 p3(¢) Ak 2% p(6)N 2
m.s.e.[ﬁx(f)] = S TAi f’x(f) +< 2: :52 )

where the two terms of the right hand member represent the variance of the
estimate and the error contribution due to the bias respectively.

In expression (121) , B 1indicates the bandwidth of signal x(t) in
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examination, and T indicates the total analysis time; A repre-
sents a constant whose value is linked to the nature of signal  x(t)
and for which the value of 1/J 2 can be assumed where x(t) has

a uniform spectrum within the frequency range B 16).

The above mentioned expression shows that the mean square
error does not cancel out when T tends to the infinite, inasmuch

as the error due to the bias remains; the estimator is consequently not

consistent.

The mean square error cancels out only when T tends to
the infinite and Ax to zero, as long as the product T.Ax also
tends to the infinite. In practice, however, the second derivative
of the probability density of the signals most often encountered is
small, so that when Ax has been fixed at a sufficiently small value,

the contribution due to the estimator bias can be ignored.

When the determination of the probability density is per

formed on the basis of k measurements, the estimator becomes:

k ]
p.(£) = <+ VL4 (122)
k'x - k 2L Ax Ti

i=1

K - K
ol A (e N e 1 1 Ax
“[:kpx(f)_-l k) ' T, | T X) = px(*f ) (123)
- 1= J .
i=1 i=1

while the effect of the k repetitions on the variance of the estimate
is similar to that already seen in the case of the mean value determina-
tions or of the correlation functions.

Consequently:
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k
A g (¢)
1 1
varrﬁ (é):| = X —[1 +—Yp..(r)i] (122
| kx BTAx p(6) k/ "4 )
i,Jj=1
i43
or, if for purposes of simplicity we suprose pij(T) to be constant

in spite of variations of i1 and J ¢

A P ¢) (k=1) p, () + 1
ar | P p- - (125)
- [kpx(f )] B T Ax b (¢) k

where for pij(T) and pk(-r) the comments already made in previous

chapters are valid,

7.2.) Joint probability density estimation

Given two random variables  x(t) and y(t) , we define

the function:

T
11 1 I IO A
= i —_— —— = { 4AT" = lim = = = 126

Px’y(f,n,T) %i: Ax Ay T /’ Toroo Ax Ay T ( )

Ax»o ° Ax»o

Ay-»o Ay-»o
as joint probability density.
In relation (126) T is the total analysis time, while T" re-

presents the overall time during which, in the course of the measurement,
the value of the variable x(t) happened to fall within the voltage
window Ax, centered on the value €, and the variable y(t+ 7

fell in the window Ay centered on the value n .

As joint probability density estimator the following can thus

be adopted:
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1

A -
px’y(f ,77,7') - Ax Ay

3|

. 11 I
[ aT = % Ay T (127)

which is a biased estimator, inasmuch as the operation of mathematical

expection gives:

5 S N NS I ol S I + A% + &Y

(128)

A
where the notation P, y<§ * %’5 , Nt -21 s T represents the
’

probability that the x(t) variable is included between the value

& - A_2x_ and the value ¢ + %’5 , and the y(t+r) variable bet-
A
ween the values 7 - -AZ“L and n + -21 :

E+Ax/2  n+by/2 )

A A = bl

Px,;(‘f t 7" » N ¥ -%L ’ T) = px’y(x,y,f) dx dy = %Li: T
£-0x/2 " n-by/2

(129)

The mathematical expectation of estimator (127) does not therefore
give us the exact value of the joint probability density, but the mean
of the values assumed by it for values of x included between

£ - Ax/2 and £ + Ax/2, and of y included between 1n - Ay/2
and n + Ay/2 . The bias of the estimate can therefore be reduced
by adopting narrow windows Ax and Ay .

The estimator of the integral value of the joint probability density

inside the above mentioned amplitude windows given by the expression:

T

-~ 1 ' T"

Px,y<“ Fone %"»T) - Tf‘“"' = T (130)
o
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is, on the other hand, unbiased, as is evident from (129).

It is exceedingly difficult at this point to obtain the mean squared
error of an estimate performed by estimator (127), or its variance,
by strict methods. If we suppose windows Ax and Ay to be
sufficiently small, the error due to the bias can be ignored, and the
mean squared error and the variance can be considered to be equal; then,
where x(t) and y(t) are both signals with limited frequency

bands B and with uniform spectral behaviour within this band, we

can adopt for the variance of estimator  (127) the expression 15)
¢ p2 _(&,m,7)
- 1
var l:px y(f.n.r):l = — - (131)
’ B T Ax Ay By,y(&om7)

where C is a constant.
In the case of measurements repeated k times and averaged out, the

estimator of the joint probability density becomes:

k "
B _(&,n,7) = = 114
K,y T = % ) ax oy T (132)
i=1
while its variance can be expressed as:
3 2 - t
var[ B (¢ T{I = - Px’y(f,n,'r) 1 (k=1) pk('r ) +1
xPx,y M = R »
’ B T Ax Ay P, (&,m,7) 3
X,y
(133)

where for the pk('r') function, the considerations made in the

oase of the first order probebility density are valid .
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ESTIMATION OF THE PROBABILITY DENSITY BY THE S.D.A. ANALYZER

The first order probability density px(f) and the joint

probability depsity P, y(f,n,T) are evaluated, in the S.D.A. analy-
b4

zer, on the basis of estimators of types (122) and (132) , which

are used in the form:

k T.+f/n
5 (g) = 7 1 £ * ar (134)
Pet! Tk / Ax n .[ i
i=1 1
k T .+f/n
5. (em,T) = = S 4 : aT" (135)
Py,yie2MeT/ = % Ax Ay n i
1=1 Ty

where the analysis time Ti of each of the k  measurements is expres-

sed as:
= I
T, T %
. ) 17
f being the frequency of the reference generator ) and n

the number of integration cycles which assumes here the significance of
. . 7
time extension factor ).

The lag T of the joint probability is given by ):

. - L
- 2f

Let us look now at the significance of the quantities s 5 By s ¥y

and & supplied by the analyzer 7):

i

Ti+n/f
®3 £ (136)

n

—
o

]
W

Hy
fof
d-
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Ti+n/f
_ -3
B, = 10 [ £, xc(t) dt (137)

Ti

Ti+n/f
v, = 107 [ £, x (t-1) y (t) at (138)

T.
1

r.+n/f
-3 1
5, = 10 / £, 4t (139)

LE

where by ¢ and 7 are indicated the voltage levels (relative
to the variables x(t) and y(t) respectively) at which we per-
form the measurement, while ff and fn are the frequencies cor-

responding to these levels after the voltage to frequency conversion:

- &
f, = %
]
£, = %

h being the proportionality factor for the said conversion.

Then the output of the window comparator to which the si-

gnal x(t) is sent (together with the reference voltage ¢ ) is

indicated by xc(t). Function xc(t) is defined by:
= ; Ax Ax

xc(t) = 1 if § -5 < x(t) < €+ 5

xc(t) = 0 elsewhere

because of which:
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x(t)at = T (140)

Function xc(t) , delayed of a time quantity T , is indicated
by xc(tJT) » while yc(t) represents the output logical voltage
of the window comparator to which signal y(t) is sent together
with the reference voltage n .

Function yc(t) is defined as:

if - %} <y(t) < n+ &

H
-

¥ (t)

0 el sewhere

¥y, (¢)

so that we have:

Ti+n/f

t)at = T"
xc(t"T) yc( ) (“,.1)
T,
i
Finally, ft is the timing frequency according to which the times
(measured by pulse counting) are measured. From everything that
has been said, we obtain:
Ti+n/f
-3 - n 03
@ = 10 [ Lat = £ 2 10 (142)
T,
i
T.+n/f
-3 * =3 ' =3 LI (&)
B, = 1077 f, /. xc(t) ¢ = 107 f ™ = 10-°f FPH(£)ax
T,
i
(143)
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Ty n/f
= 107 £y /. xc(t~r) yc(t) at = 107 P
T,
1
= 102 ¢, B35 (£,7,7) Bx A (144)
= 47 Px’y 2Ny Y
Tt n/f
- -3 n . 1 n ,45
= 10 /. Tat = ¢ § 10 (145)
T.
1

these expressions we can then obtain the following relations which
the first order and joint probability densities, as well as the vol-
levels at which we are performing the measurements, in terms of the

known quantities X s B 5 ¥, and &, :

i i i
3 k k
Sk AT
kn i hp kn i (146)
i=1 i=1
3 k k
I A _L L £\,
= ft k n Ax By = ¥ Ax kn B | (147)
i=1 P i=1
3 k k
10 1 1 £\
€,m,7) = £, k n Ax Ay £ j;jxi - nt 8xAy kn }Zﬁxi (148)
i=1 P i=1

(149)

n
5
w —
=1 qj
)
l\/Jw
O
W
"
= |
x]w
=
l\\“/]x-
O
e

In expressions (146) to (149) two different normalisation coeffi-

./c



cients appear. That of the probability den§ities is indicated by

* 7

hp and depends upon the timing frequency ft )
* -3
hp = 10 ft .

while the normalisation coefficient relative to the reference voltages
3 and n depends upon the value of the proportionality factor h
of the voltage to frequency conversion 7) » and is indicated by hp

10’3

P h

For purposes of accuracy the values of the two coefficients in the six

frequency decades 7) are here listed:

Decade I 11 I11 IV v VI
hp 0,01 0,1 1 10 100 100
h; 0,39262 3,9262 39,262 392,62 392,62 392,62

From the above table of values it can be seen that:
h* = h_ . 39,262 if h <€ 10

P p p

h* = 10 . 39,262 if h. > 10

P P

Therefore, having stored the values of

. . . 7
ficient diode matrix )

h*
P

me

A sequential diagram of the

bility densities is shown in

from those of

(see Appendix

h
P
c4).

hp in the normalisation coef-

17), it is possible to obtain the values of

S.D.A.

fig-B .

by means of an appropriate calculation program-

operation for calculating the proba-
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APPENDIX A

Given a stationary ergodic random signal x(t) , let

us consider the estimator ﬁx of its mean value:
. k ti+T
Ay = X7 X/ x(t) at (A1) ,
i=1 4

and the variance of the estimate, defined as:

var I:ﬁx] : [ﬁ;] - [ﬁx:i }2 (4.2)

so that:

vari:kx:]

kK T )
L) (5] =we) s
i=1 Yy

k ti+T tj+T
. E[L X 1—] x(t) dt[ x(t) dt.‘-#‘i (A.3)
ka TP . & -
i,j:1 i J
i#j

1f we assume, for simplicity of notation, the instant ti of the
ith repetition, to be the origin of the time axis, and if we indi-

cate by xi(t) the variable x(t) in the time interval between

t, and ti+T s the first term of the right-hand member of (A.3)
becomes:
k T k T T
%) S(] x(t)dt>2]- LY L[ [ rgenea
L L o\ 12 T ojo""
i=1 i=1
(A.4)
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where the final expression has been obtained by considering the square
of the integral as a double integral and then by interchanging the

operation of mathematical expectation and the operation of integra-

tion.

Remembering now that:

Rxx(r) = Cxx(T) + 3 (A.5)

and partially resolving the double integral, we finally arrive at

the following expression :

k T 2
DIURCE I
-T

i=1

for the first term of the right-hand member of (A.3).

If we develop in a similar manner the second term, it becomes:

k T k T T
1 v
l;Z - {_[ / x, (t) xj('r) dt d'r——IJ = 1—2> 1—2/ / XX, (t-1) at ar
k (T i%J
° i, j=1 °°
# v
" 1 (A.7)
which, on the basis of (A.5) and relation:
ny('r) = ﬂxx(o) . 'éyy(o')‘ . pxy('r) (A.8)

becomes:

i

k T T

1 7 1/'/ = K1

— — c (0) ¢ (0) .o (ter) dt ar + =— 12 =

2 . T + =
/ 7 A V/» X, X, XX, x. X k x
J:

i#j
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k T
N kd k1
= l; > T/ <1 -T> cxx(o) Px x.(T) ar + % Hy (4.9)
kK /- -7 173
i, j=1
ifj

By substituting (A.6) and (A.9) respectively for the first and
second term of the second member of (A.3) , we have for the varian-

ce of the estimate the expression :

k T
var [ﬁx‘! = i? f y %/ <1 - -ILTl-> Cxx(O) pxx('r) ar +
i=1 -
k ? | I
T
+ Z%] (1 - T) . (0) oy o (7) df:) (A.10)
- =T td
1,J=1
i4j

In order to point out the difference between expression (18) and the
more rigorous expression (A.10), it is useful to remember that, in

relation (18)

while in expression (A.10)

px.x.(r) = pxx(Ai,j+T) (A.12)
1

Aij being the time interval between the ith and the jth mea-

surements.

If the k measurements are mutually indipendent (i.e. in the most

favorable case) , expression (A.10) becomes:
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. T
" 1 1 f |7
var[ux:l = X 7T j (1 Y )cxx(o) pxx(T) dr (A.13)
=T
as px.x.(T) is equal'to zero,
14
In the least favorable case, p_ o (r) can be conside-
i3

red to be equal to pxx('r), because of which the repetitions have

no effect on the variance:

varpx] = % /T (1 "% . (0) p (1) ar (A.14)
- -T



APPE.IDIX B

Let us consider two stationary ergodic random signals,
x(t) and y(t) , and estimator (65) of their cross-covariance

function, Expression (65) may be rearranged, so that:

T TT
A 1 . 1
ny('r) = 71,'/0 x(t) y(ter) dt - ';,;[o /o x(t) y(¢) dt a¢ =

T T
;—2[ /o x(t) _y(t+f) - y(f)] at df (B.1)

The variance of this estimate is defined as:

var[exy(f)] - {l:c (Tﬂ } { Axy('r)—}}z (8.2)

where the expectation of the estimate is given by (see expression (68)):

E[&xy(r )] = o ln) - ;—,[T fT i (6-t) at ao (B.3)

We can now evaluate the variance of the estimate by substitution of
(B.1) and (B.3) in (B.2):

var l:é (r ):|

T T T

F [ [ / /x(t)x(a) y(t+r) - yf):”‘y(ew)- y(n):l dt d6 a¢ d,,:l
- [ny(r) - T—gf / Cyy(6-t) dt 46 ]2 (3.4)
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To develope the operation of mathematical expectation.in the first
term of the right-hand member of the above formula, we apply expres-
sion (30) , letting:

x(6)

X x(t) X,

(B.5)

y(t+1) = y(&) X y(6+r) - y(n)

X3

In terms of covariance functions, we have:

var I:axy(T )] -

T T T T

JTT/O /O/ / {[cxx(e-t) + u;:l [ny(e-t) - ny(@-rr-{) +

Cy(n=t=r) + ny(n-é )] + [cxy(r) - cxy(e-t)] [cxy(r) - ny(n-e )] +

+ [ny(0+'r-t)- cxy(n-t)—l f ny(tw-e)- cxy(.f-e )]} dt d6 d dn +
T T T T
- c’xy(r)- :11—“-[0 /o ‘/.o /o ny(e-t) ny(ﬂ-f) dt a6 a¢ an +

T T
ny( T) -i;[ / ny(e-t) at ae (B.6)
o O

Developing the products of the integrand of the first integral on the

right we obtain:

var [éxy(r ):I =



1;[': /j [cn(e-t) ny(e-t) + ny(e‘t”) cyx(e-t-r)] dt a6 +

i; [T /F /?l:cxx(f-e) ny(0+1_t) . ny(g_e) ny(e+T-ti] dt 40 a¢ +
"o0"0"o0

T T T T

;—4/ [ / f l:cn(e-t) Cyy(n=€) + €, (0=t) O _(n-¢ ):' dt 4o a¢ an +

+

T T T T
1 1
2. — - - 424 - - e at
+H3 = [ [ cyy(e t) at a6 My 7 [ / [cyy(ew t)+ cyy(e T t):l as
o o0 [o BN o]

(B.7)

Expression (B.3) shows that estimator (B.1) is biased; its bias is

given by:

bias I:ﬁxy(r)] = :l;/T /T ny(e-t) dt a6 (B.8)

Remembering now that:

m.s.e.[éxy(f)] - varl:éxy(r):|+biasz[axy(r):] (B.9)

we can, taking into account expressions (B.7) and (B.8) , and partial-
ly solving the multiple integrals, arrive at the following expression of

the mean squared error of the estimate:

m.s.e. l:axy('r ):] =
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%[T (1 - l;—')[cn(;\) Cy(A) + € () (A ):I A +

=T

T T T

2‘;/ / f I'C (§-e)c (8+47-t) + C (g-e) c (6+'r-t):| dt do at +

+

1_2_/ ( IA|>(1-.|£_ [cxx(x)c (A1 )+2C, (A')c (A)]dAdA-+
-T T

+

2 T -
.“_;(. T<1_ J—;t—'-) L2 ny()\) - ny()u'r) - ny()t-fr )] ar

(B.10)

As already said in chapter 4, this expression is too complex to have

any practical interest.
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APPENDIX c

INTRODUCTION

Some S.D.A. statistical dynamics analyzer computer program-
mes for estimating correlation functions, probability densities and for

D.V.M. operations, are described here.

These programmes yequire the use of an Olivetti P102 as the

final element of the analyzer,

Let us remember that all the programmes have a common struc-
ture, each of them being composed of four parts 1): the first one
(from AZ to AV) designed for the reading and storage of data; the se-
cond one (from AV to Z) for the elaboration of these data, and the
third part (AW ... Z) for averaging and normalizing the quantities
obtained in the second part and for printing the results.

A fourth part, dependent upon a conditional jump (/V), directs the se-

quence of operations related to on overload of the system 1) 7).
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analyzer, used as a

C02.10; it

represent the input and output voltages

" 13

PROGRAMMES FOR D.V.M. OPERATION

We saw in chapter 5 that the S.D.A.
digital voltmeter, supplies the mean values and mean absolute values of
the signals x(t) and y(t) under examination.

The appropriate programme is described in Table
supplies the following data as results:

k number of repetitions

T analysis time, in seconds

x(t) in volts (tenths of the full scale of the input amplifier)
[x(t)\ " " n " " "

y(t) " " " " " "

‘y(t)‘ " " " " " "

In Table C.2.2. a modified programme is shown, which sup-
plies, point by point, the static characteristics of a plant or process
of which x(t) and y(t)
respectively, The results are printed in the following order:

k

T in seconds

x(t) in volts (tenths of the F.S. of the input amplifier)
|x(t)| " " " " " 1"

y(t) / x(t)

{y ()} / {x(e)]
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TABLE C.2.1.

PROGRAMME INSTRUCTIONS

=y

. * X

%0 -

M e <] > ~ * ~ *
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TABLE C.2.2.

PROGRAMME INSTRUCTIONS

s
. * *
&0
h g o | <> > ~ * ~ *
(] m < < m m (] (] N
lllllllllll Y PR DR TR PN PR PRI SEpN S B S N A N L ey T P P PR EEEE L Rtk
o (@) — o~ [3a) < "a) No ~ e} o Q -~ o~ [3a) LS g " Nel P~ e} [N o — ~N
< [ [Ta} [ o} T2} ) T2} e} [a) Y2} O Ne) O O No Ne O Nel O O ~ ~ ~
o~
.
&0
noM >3 » . « [75) » -» -» .
> ~ |< | ~ ~ - ~ hd w0 ~ ~ |[<> | ~ o <> -»> o |l | ~ ~ |l
-» ~ > < < 3] a a < [ -4 (=] > 23] < m a < m a < (] m <
IIIIIIII QR L S S S e L e e T PP T TR E PR Y DR DR TR LR EEEE XL El El il
[7al O ~ 2o} o (@] — o~ 52} < Wy O ~ e o} o w — o [3a) < "2} O ~ o0
o~ o~ o~ o~ o~ 32} ) 38} 38} ) 3a) 32} 32} 38} ) < < < < < < < <
i
L]
&
P~ - - -»> + | -»> + |
~N w | ~| «n « wl~]wn > + |* ~ |~ ~1]" + [~ ~ |~ z |
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~
R k. PR R T TR L Al Ll il Lk LR TR PR LY - mdmoed R PR LR R R R R R R R XX X
— o~ 32} < e} Ne ~ [ o} o (@] — o~ 32} < e} O ~ <] o @] — o~ 3] <
-l - -~ -~ -~ -~ - -~ -~ -~ (] o~ (] (] (]
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PROGRAMME FOR THE CALCULATION OF THE AUTO - AND CROSS-CORRELATION

FUNCTIONS

Table C.3.1. gives the programme for evaluating the corre-
lation functions of two signals x(t) and y(t) ; this programme
albws one to calculate the autocorrelation function Rxx(T) of the
signal x(t) and the cross-correlation function ny(T) s as
well as the mean square values Rxx(O) and Ryy(O) of the two si-

gnals being examined.

The results are printed in the following order:

T lag of the correlation, in seconds
k number of repetitions
n
Rxx(O) = m2’x in squared volts

” ” ”
R ()
ﬁ T) " 1 "
xy
ﬁ O) = " 1 "
yy( 2,y

Normalised correlation functions can be evaluated with the pro-

gramme listed in Table C.3.2. This gives the following results:
T in seconds
k
n
Rxx(O) = m2’x

-]
~~
o
p
n
B>
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TABLE C.3.1.

PROGRAMME INSTRUCTIONS
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TABLE

PROGRAMME INSTRUCTIONS
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PROGRAMMES FOR DETERMINING THE PROBABILITY DENSITIES

A programme which allows the calculation of the first
order probability density is described in Table C.4.1.

Results will be printed in the following order:

T analysis time, in seconds
é comparison level, in volts
p (&)

The probability density is normalized for the case of an
amplitude window Ax of 400 millivolts 7) 14) (1/50 of voltage
dynamic of the input amplifiers); therefore the first order probability
density px(f) assumes values between O and 50.

If the 40 millivolt window ') '*) 1is used for the proba-
bility analysis ( 1/500 of the amplifier dynamic), it is necessary

to normalyse for the new Axj; to do this it is sufficient to codify

the constant 500 instead of the constant 50 (coded in the instructions

number 45, 46, 47), The codification of 500 1is given by the follo-
wing instructions:

A/t

R/ S

RS

D -

Table C.4.2. describes a programme which calculates both

the first order probability density and the joint probability density.

The results are printed in the following order:

T lag of the joint probability, in seconds
T anelysis time, in seconds
é comparison level for the signal x(t) , 1in volts
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comparison level for the signal y(t+r), in volts

3

B, (&)

X

ﬁx,y(§ ury )

The first order probability density pxCE) » 1s normalised
for an amplitude window Ax equal to 1/50 of the voltage dynamic

of the input amplifiers.

The joint probability density, px,y(é N,T ) , is nor-

malized for amplitude windows Ax and Ay equal to 1/50 and 1/32

of the voltage dynamic respectively 7) 14).

Therefore, the values assumed by px(f) and Py y( §,n,T)
b4

can vary between O and 50 , and O and 1600 respectively.

It is important to note that the programme shown in Table
C.4.2, is valid only where k (number of repetitions) is equal
to one: the programme has not left any memory positions free for making

the necessary summations for the case where k is not equal to one.
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TABLE C.4.1.
PROGRAMME INSTRUCTIONS
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C.b.2.

TABLE

PROGRAMME INSTRUCTIONS
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