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Summary

This report describes the numerical solution of the following problem.
A cylindrical liner, surrounded by an explosive ring, bounds a magnetic field.
This field exerts a pressure on the internal wall of the liner, while the diffusion
of the field on the interior of the liner is neglected. A detonation front,
started on the external side of the explosive ring, reaches the liner and pushes
it concentrically towards the axis. First the propagation of the detonation
front and the state of the gas behind it is computed. Afterwards the interaction
liner-gas is treated. The computation is carried out under the hypothesis of
axial symmetry,
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1, Introduction

We consider the following problem:

Given & cylindrical liner surrounded by a ring of explosive.
The internal wall of the liner is subject to a pressure:

S CoR

Xe'being the internal radius of the liner. This pressure is due
to a magnetic field bounded by the liner. It is assumed that
the diffusion of the magnetic field in the liner is negligible.
At a given instant a detonation is initiated on the external
wall of the explosive. The detonation wave reaches the liner
and compresses it. The liner moves concentrically towards the
axis. The pressure on the internal wall of the liner increases
first slowly and afterwards very rapidly so that the liner is
strongly decelerated. Because the pressure in the interior of
the liner has very high values, the liner is treated as an
ordinary hydrodynamic medium.

The problem can be considered also with slab symmetry.
The pressure on the wall is then:

2 2 .
-5 Gim) -]

A detailed description and analysis of this problem is
carried out in (7) of bibliography. The aim of this report
is the description of the method used to solve numerically
the problem.

This problem has been studied on behalf of the Euratom
Group on Fusion (Frascati, Roma).

2. The two phases of the problem

We can distinguish two phases in the problem:

a) The detonation propagates in the explosive and at a certain
instant t reaches the external wall of the liner.

(*) Manuscript received on January 24, 1967.



b) For t > t a shock wave propagates in the liner and in the
detonation gas. The liner moves towards the center and the
shock wave in the liner reflects successively between the
liner's walls.

The propagation of a detonation wave in an homogeneous
medium at rest has been studied by Taylor, Zeldovich, Stanyukovich
and other authors. In the slab case the Chapman-~Jouguet hypothesis
holds, as a consequence of which the front velocity is constant,
the value of u, p, p on the front is constant and the flow behind
the front is defined by a simple rarefaction wave centered in
the origin of the detonation (Taylor's wave).

In the cylindrical or spherical case Zeldovich has shown
that the Chapman-Jouguet hypothesis holds good only at the
beginning of the detonation and the pressure on the front
increases as the front approaches the axis or respectively the
center.

To treat numerically the detonation in the cylindrical or
spherical case, the solution is approximated for a short time
with the corresponding slab solution. The solution is then
continued by means of a implicit finite difference scheme.

The instant when the detonation wave reaches the liner
is taken as the initial time of the second phase of the problem.
In this phase two hydrodynamic media with given initial states
are in contact. This phase is followed by means of an explicit
lagrangean scheme.

3. Detonation phase

We have the usual symbols:

t time

h lagrangean coordinate

X eulerian "

b 4 " " at initial time
u velocity



density

pressure

specific internal energy
sound speed

®w o o o

entropy

U_sPys Dysoees (uniform) velocity, density, pressure...
of the unreacted explosive

u1,p1, Pysece values of u, p,p,eses of the gas (reacted
explosive) on the detonation front.

D detonation front velocity. D < O since
the detonation is convergent.

u =
o 0

Py =0

P, is set equal to zero, because it is negligible compared to p1.

The relation between X and h is :

o *(h,t) v x
e i p(Et)E" AE + =357 (3.1)
o JX(o,t)
v = 0,1,2 according to whether we consider slab, cylindrical

or spherical geometry.

Xy and xe are respectively the internal and external
radius of the ring of explosive.

From (3.1) it follows that :

h = x = X(h, 0)

With regard to the state equation of the detonation gas
it is usually assumed that p is dependent only on p and not on S:

p = p(p)



This is equivalent to the hypothesis that the internal energy
is separable:

e(p, 8) = {1 (p) + &{2)(s)
The usual assumption is:
p = ApY (3.2)

A, Y constants and y = 3.
The flow equations in lagrangean form are:

XV
RS

Xt=u

4 __J_<§>" (3.3)

t~ "% (& Pn .
2

e, = P

t =25

p = p(p)

As a consequence of the hypothesis that the energy is separable
the first three equations do not depend on the fourth. We have
then the system:

o @)
Xt =1
y (3ek)
S OR
p = p(p)

i.d. we can determine the flow with regard to X, u, p, p
independently from the energy equation. This equation can be

taken into account if we are interested in the energy distribution.
System (3.4) may be put into the equivalent form:
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L. Taylor's wave

In the slab case the flow of the detonation gas is isentropic.

For this reason on the front we need only to consider the
Rankine-Hugoniot relations for the conservation of mass and
momentum:

p,D = py(D-u,) (Le1)

p,D% = by + oy (D-uy)? (4:2)

For a backward-facing detonation front the Chapman-Jdouguet
condition is:

u,-c, = D (4.3)

and the front speed D is constant. The state equation of the
detonation gas is:

Hence :

¢ = yo/p | (4+5)

From (4.2) and (4.3) it follows:

From this relation and from (4.5) it follows:

2
PP

p1 = Y+1 (“'6)

From (4.1) and (4.2) it follows:

O
&)
i}

A p, + £ D(D-u,)

iodo p1 = poDu_'
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From this relation and from (4.6) it follows:

111 = % (L|-07)

From (4.3) and (4e7):

s

01 = Y+1 (408)

From (4.1) and (4o7)

T P (4.9)
and substituting (4.6) and (4.9) into:
Y _

1)1/91 = A

we obtain:
2 Y
O . 1=y
A= Y+1 <741> Po (4.10)

In the slab case the flow behind the detonation front is
defined by a simple rarefaction wave centered in the origin of
the detonation (Taylor's wave). This wave is defined by the
equations:

X-x, = (u-c)t (Le11)
2c
u -8 - - (4.12)

The first equation is the equation of the C characteristics
issuing from the origin of the detonation.

The second equation means that the Riemann invariant R_ is
constant in the region behind the front.

The Taylor's wave is a complete wave since p = O on the
line h = he i.d. there is no external resistance to the
expanding detonation gas.,
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The escape velocity u, is then:

2c
- A
U = 4y Y+1

If we substitute (4.7) and (4.8) for u, and ¢, in (4e11) and
(4+.12) we obtain:

Uy == 'Y"1 (L|-o13)

X =x, - — t (Le1k)

Moreover, from:

¢ = y/p = wp'!
it follows:
2\ =5
c N\ T
and

The state behind the front is then completely defined if c

is given as function of h, t. To do this we first remark that in
the slab case:

X(h,t)

p.h = pdX + p_ X,

O X(O,t) o 1
and from this:

(bomy = [ e &

o (h_-h =/ odX =/ p L 4c

o‘e % c dc
ce = 0 hence:

c
) = - [ &
o, (hg-h) = /O p 5 dc (La17)

Differentiating (4.14) with respect to ¢ we obtain:
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B o_ ot
dc -1

and substituting (L4.14) and (4.17) in (4.16):

from which :

From (4.10)

X+i A
- _ 271 /1 W
po(hg-h) = c <YA> t

KN
o |:p (h -h):l () Y1

a4 2 -1
()™ < |p| ™ (73?) P ¥
-x1 _xa
= .LQ'J lD\ Y+1 o T+1

T+1 o)

Substituting this expression into (4.18) we obtain:

Y+‘|
- Y+1 -Dt

5. Finite difference scheme

Let us rewrite the flow equations for the gas:

(1 _ 4 x\
s=o () *

@) [ ) 1,

u=Xt
B
e, = P
t 2 "t
p
p = Ap'

(4.18)

(4+19)

(4.20)

(5.1)
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5 |
D Y
- —2 (L) =Y -
with A= <Y+1 Py (v=3)

and Do initial velocity of the front.

The energy equation has been added since in the second
phase of the problem (liner-gas interaction) the momentum
equation is no more independent from the energy equation.
Hence, in the second phase we must consider the complete
system (3.3). However, in the detonation phase X,u, p,p are
determined independently from e.

System (5.1) is approximated with the following implicit
scheme:

n n n n
n _ .+1-X. dp _ X.+X.+1 Y}
Piee/2 = a+1/2 &h +1/2 = \2h )

v
n n
Pie1/2 = A<p:l+1/2>

&= X 1 Pi- 1/2 Pi-1/2 * Pie1/o Pleiso
O 2
o]
g xRy
- . n n+1 n+1 n+q_
Aty Bty (ﬁ) E;1+1/2(Xj+1 3y (X3
M+ &t 3 \B; (an)2
2
n
. (1-9) Be1/0 X X))o (K5 K5 )
(8n)?
n+{_.n
TR .
J At
n+1
D+ h _ 2(p:1+1/2+pa+1/2) (B @
Ci+1/2 T Cy1/2 T (2t oy Pa/2 T By
Jj+1/2" F3+1/2

ﬁ5-2)















19

Introducing this expression into (5.3) we obtain:

2 _ _1__.1_>
u; =p
i 1<90 Py

and, more specifically:

o D)

The sign - has been chosen since in (5.5) D is negative
and p_, p1 positive. To conclude, on the front we have:

o
Py = Ap)
= - A _ 4
u1 - \/P1<po p1>
5 L2t
p.u
o1

Actually, we have three unknowns D u1 p1 and two equations
given by the Rankine-Hugoniot conditions. A third relation is
supplied by the characteristic equation along the C+ characteristic.
However, to avolid the numerical difficulties connected with
this last equation, it is better to find an approximate value
for Py and to determine subsequently D, Dy U, .
p1 is approximated with the formula:

n+1 n+1_n+q

o = /[ ) T

® being the h-index on the front.

As already said, in case we choose to compute Xg:: by

lirect extrapolation it is best to set

n+1 n+1

Pp = Pp_3/0

d¥_3/2 being computed with the first of equations (5.2).
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The number of points to be considered increases with each
iteration. In order not to increase unduly this number the
step Ah can be periodically doubled, so that the corresponding
number of points is halved. When Ah is doubled the (n-2)th
time level must be substituted for the (n-1)th level.

6. Liner-gas interaction

Let t be the time at which the detonation front reaches
the liner. If we take t as initial time we have then two
hydrodynamic media which are going to interact. The initial
state of the liner is uniform, the initial state of the gas
is that defined by the flow behind the front at time t.

We introduce the lagrangean coordinate h :

X(h,t) w1
ST = (E,t)E" dE +
w1 Pq X(0,t) w1
x w1
S I - =

X being the eulerian coordinate at time t.

Hence x = x for the liner and x = X(h,t) for the gas.
X is the internal wall of the liner

Xy the interface liner-gas

For x < Xy Pys P are relative to the liner and p = Py

>Xy Py is the density of the unreacted explosive
and p the gas density at time t.

For

1 M1 M

In this case we have

w1
v+1 X
J_ i

v+1 = /. G E g + w1

(po constant density of the unreacted explosive)
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Hence for the gas we obtain the same h as defined by (3.1).
h = X both for the liner and the gas at time t = O.

The differential system to be solved, in lagrangean form,
is:

1_ x\"
PP <h) *n

o
thu
R I
Ug = poph (6.1)
B
e, = P.
t 2 Pt
o)
p = f(p,e) w

the boundary conditionsare

B Xo (0) U
Q
P=§?c|:<xeit)> ’1] h=he
u.—.ue h=he

This last condition can be substituted with the equivalent
condition :

p=0 h = h,

hc, hi’ he are respectively the values of h corresponding to
the internal wall of the liner, the interface, the external
boundary of the expanding gas.

For h < hi we have the liner
For h > hi we have the gas
The state equation of the liner is:

p(pye) =p,(p) + pr(p) (e - e (p))

with
(p) ; (o/ )1+j/3
p.lpP) = 2 a.lp/n
c =1 J 0K
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6 /3
and e (p) -i—— aE = 31— 3 ?aj (p/pOK)
Pox OK Jj=1

dap /a®
(p) =1+ § S
3 2 dp./dp

PoK is the density at absolute temperature T = 0 and pressure
p=0.

This state equation is derived from the formulae:

EO
p.(p) + py(plc, (T-T  + -g;)

p(p,T)

E,
ec(p) + cv(T-To + 3;)

e( p,T)
The state equation of the gas is:

p = ApY (v = 3)

The differential system (6.1) is approximated with the
following finite difference scheme:

un+1_un pn _pn q _.n

i % 4 Rae/e im0 | R fo”%i-1/2 \

At - Py Ah &h

xotl_yn

k| h| n+1

At -3
n+1 n+1 n+1 . n+1
ol p/[ <Xj X541 >v Xi417%5
j+1/2 o) 2hs,4 /0 Ah
0 (6.2)
P
n+1 _ _n _ Fi+1/2 n . n
®3+1/2 7 %ir1/2 T 5 <°j+1/2 pj+1/2)
Pi+1/2)
n+1 - n+1 n+1
Pje1/2 = f(p:J+1/2’ ea+1/2)
2n n _n n _n

. a pa+1/2(uj+1 uj) if Uj,qm¥y <0
q: =

j*1/2

0 ir u? -ug >0
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points are taken with step % Agh.

X, u, p, P, €, ¢ are given on the n-th line. We compute XQ+1

J
and u?+1 for
J = eee 1=2, i-1, i, 1i+1, i+2, cee

The computation for each point is schematically represented by

a triangle with the base on the n-th line, vertex on the (n+1)th
line and continuous sides. The state equation is that of the
liner or of the gas according to whether j * 1/2 € i.

We then compute

n+1 n+1 n+1 n+1
Pj+1/22 ©3+1/20 Pixi/20 L5+ /2

(triangles with dashed sides)
A criterion for the choice of m could be:
Pe

m = 0odd integer near to sy

P
e
(p: constant density of the unreacted explosive).

This criterion is based on the following considerations:
From the definition of h it follows:

nhVdh = - xY ax = - am
po pO

m mass and Py equal to d% or pg according to whether the
particle X belongs to the liner or to the gas.

For two contiguous layers of liner and gas we have:

o.V

o hY An

Amg e g g

It should be:

Aqem Amg
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since the layers are contiguous. Also, for the same reason:

b By

Hence:
0 o O
Pe Ahg pe Ahe

7. Numerical results

When v = O we have the slasb case. It is then possible to
compare the exact solution as given by formulae (Led13)eee(lte19)
with the numerical solution obtained by means of the finite
difference scheme. The exact and numerical solution at a given
time are presented in Table 1 and 2.

Table 3 gives the gas flow (cylinder geometry) behind the
front at time t = t.

Table 4 gives the trajectory of the two faces Xe and X
of the liner.

i

Tables 5 and 6 give the numerical results for two different
times.
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