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Abstract

Coolant temperature transients are analyzed by solving the spatial-time depen~

dent coolant heat balance equation in a reactor channel.

Results coming from the analysis of the heat propagation in a fuel element .are
used in this work (see "Reactor Temperature Transients with Spatial Variables -
First Part: Radial Analysis™ KFK-223).

The sclution of the equation is obtained by using the Laplace tramsform method.

It has been found out that the coolant transients depend upon the following 5

parameters

e = radial time scale = fuel density x fuel specific heat capacity x (fuel radius)?

fuel thermal conductivity

= fuel thermal conductivity
2 x fuel coolant heat transfer coefficient » fuel radius

g = axial time scale _ fuel rod length/coolant speed

radial time scale tr

fuel thermal capacity

thermal capaclty of the associated coolant

=1 fuel rod length
extrapolated length

Numerical examples are also included.
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1. Introduction

In nuclear reactors the temperature transients are normally treated by using the
well known "lumped model". This model does not take into account any effect due
to the heat propagation inside the fuel element and the heat transport along the
reactor channel. The heat propagation inside a fuel element (Radial Analysis)
was developed in bibl.l.

In this second part (Axlal Analysis) the results coming from the first part
(Radial Analysis) are incorporated in the heat balance equation of the coolant.
Then the complete solution, including the heat transport along the chanmel, is

analyzed.

2. Mathematical Fundamentals

Fig. 1 shows a reactor channel with a cylindrical fuel element and its assoclated

coolant. In each cross section of the fuel element the heat is produced uniformely.

The heat balance equation of the coolant ist the following:

20 30
2mRh(T_-6) = Soc (3¢ +v73) (1)
where
R = external radius of the fuel
h = heat transfer coefficient between c¢ylinder surface and

coolant {(supposed to be constant)
T = surface temperature of the cylinder = Ts(z;t)
® = coolant temperature = G(z;t)

S = area of the channel cross-section occupied by coolant

Po = coolant mass density (supposed to be constant)
e, = coolant specific heat capacity (supposed to be constant)
t = time

z = axial coordinate (z = 0 at channel middle plane)

¥ = coolant speed

In eq. 1 it has been supposed that the coolant temperature "©" at each cross



section of the reactor channel does not change from point to point of the same
cross section. "0' is therefore a function only of the axial coordinate "z" and
of the time "t" and not of the radial coordinate "r".

In eq. 1 the term related to heat conduction in the coolant along the axial
direction has been neglected.

The boundary conditions assoclated to eq. 1 are the following:

[é]z--HIZ = ei(t) = piven function of the time (2)

(%%) == %'(Ts‘e) (see Bibl. 1, page 2, eq. 3) (3)
r=R

where

D
[}

inlet coolant temperature

v}
[ ]

length of the fuel rod

L |
[

temperature at any peint of the fuel

radius 1. e. radial coordinate .

"
B

thermal conductivity of the fuel

e
n

Eq. 1 can be written as follows:

1 30 L 380 m
I-a—g‘bﬁ Y (TS @) (4)

where

e 2 2 axial coordinate (5)
H height of the cylinder

o = B/v _ axial time scale (6)
t. radial time scale
2
. 3.E£ _ TReecp H i} fuel thermal capacity = const. (7)
C, ¢ Se B thermal capacity of the associated coolant *
t
TR (8)
T
PeCe
t. =3 R? = radial time scale = const. (9)

Y = E%ﬁ = const. {1Q)



Jonsldering the variation of the system from the stationary conditions, we can

Introduce the following symbols:

6T =T - T, (11)
46 = 0 - @, (12)
AT =T =T (13)
bv=v=-v (14)

-saere subscript "o" indicates initial steady state conditions and "A" variation

from steady state conditions.

Tron eqs. 6 aad 14, we have:

Av go
;—=T" 1 (]5)
4]
“q. (4) becomes:
3A0 . Av 90, _ Av 348 dae My -
% ;o- & a 3% | o 3 Y (ATS 40) (1e)

3. The case of constant coolant speed {Av = 0)

Tae Laplace transform of eq. (16) of para. 2 in the case of constant coolant flow

(Av = 0 aud tberefore Lo = § = const) is the following

*
dAd +* mi * *
+ = — -
= 2WA0 ” (8T = 40°) (1)
wherz
"#" indicates Laplace transform

¢ = complex variable of the Laplace transformation

The boundary conditions (2) and (3) of para. 2 become respectively:

[A@*CU;X)]X=_% = 46} (0) (2)

and %
dAT _ .1 *
E?E;J =" 3 (aTS A0) (3)

y=!



where
r
y =k (4)

According to Bibl. | para. 2 eq. 20, the boumdary condition (3) can be substituted
by the following equation

AT = G (o) 80* + — F (o) --—-M(x) (5)
f
where  p = reactor power
n = number-of-fuel rods 2
Vf = total volume of fuel in the reactor = nwR'H (6)
M(x) = normalized power distribution along channel axis
+1/2
j H{x)dx = 1
~1/2
I T o 1/02(0)
Fg(o) Yo [ GS(O)] T+y/Z(6) (7
]
G_(0) = —m— (8)
8 1 + =l
2(o)
Jo{/:E)
Z(o) = ~ 9)
2f1?31(f*3
Jy and J 1 being Bessel functions of the first kind.

Putting (5) in (i) and taking into account eq. 7, we have:

dAE)
T dx

_m R 1

+ ok [1+aF _(0)] ae" =Y 7 7,

Hex)F (o)ar” (10)
Taking into account eqs. (6}, (7) and (10) of para. 2, eq. (10) can be written
as follows

dAG
Tdx

+ og [1+uF_(0)] 46" m——c-;u(x)rs(c)ap‘ (1)
ccC

At steady state conditions we have

P, = nsDcccv(eout-ei)o (12)



whera

"0"

subscript indicates initial steady state conditious

eout = coolant outlet temperature
Bi = coolant inlet temperature
We introducz the new function "Y(0)" so defined

7{c) = ot [1+mF_(0)] (13)

Taking into account eqs. (12) and (13), eq. (11) can be finally written:

* L]
o . . - X AP
g + Y(o)ae = (@out 91)0 A(X)Fs(d)"‘—ﬂPo (14)

The solution of eq. {14) with associated boundary condition (2) is the following:

*
A{-}*(a;x) = !J(o,x)m:(o)W(u;x)- [O(x)-ei :]0 AE.I._(..S'..). (15)
o
waern _ (x-i-%-)Y (o)
Wio;x) = e (16)
x
[Ei(x)-@ijo = (Gout-ei)o[_llz M(x")dx"' an

IX e (x'+1 lz)Y(c)H(x' )dx'
~1/2

o (x¥1/2)¥(0) fx U(x')dx'
-1/2

V{o;x) = Fs(c) (18)

—
For practical purnoses it 1s useful to calculate the average temperature A9 (o)

and the eff~ctive temperature Aesz(c) defined respectively by:

+1/2
A‘é*(c) = I AQ" (o:x)dx (19)
-1/2

ang

+1/2
j re’ (o ;x)li2 (x)dx

20" Rl V1 (20)

£ () f/z
f U (n)dx
-1/2




Putting (15) in (19), we get:

*
5" o) = TN0[(0) + To) (B0, L2 @21
where
- +1/2 l_e-Y(o) 22)
W{a) =j U(ox)dx = ——g7—r—
-1/2 Y(c)

- +1/2 +1 /20 x .
(G—-@i)o =j_”2 [B(x)-fﬂi]odx = (eout—ei.)o 12 H{x")dx"'|dx (23)

-1/2
+1/2 x
J V(G;K)B II(x')dxﬂ dx
- -1 12 -1 /2

V(o) = Y172 - (24)
j B II(x‘)dxﬂ dx
_‘,2 —l 12
Putting (15) in (20) we get:
*
* a2 | * - -A-L(E—)-
Aeeff(c) weff(a)aei(a) + Veff(o)(eeff 01)0 Po (25)
where
+1/2 5
U(o;x) M (x)dx
weff(c) = jﬁ_”z ; (26)
I (x)dx
-1/2
+1/2
j [e(x)-ei:lo M2 (x)dx
-1/2 )
(eeff‘ei)o = +1/2 ” (27)
f 1 (x)dx
-1/2
+1/2 x
j 2 (x) f (=" )dx' | dx
-1/2 ~1/2
= (eout i)o +1/2 2
j T (x)dx



+1/2
) X
Vi(g:x) " (x) .[ M{x")dx"'|dx
1 j2 1/2
Veff(c) = +1/2 N (28)
Hz(x) J’ M{x")dx'dx
-1/2 -1
Yz have for o = 0
W(0°x) = V(0:x) = §(0) = ¥(0) = M () =V (0) = 1 (29)

The functions W{g:x) and t“:T(ci) are independent from the power distribution M(x)
along the channel axis.

The functions V(o;x); ﬁ(c); Weff(c); Veff(a) are instead denendent on the power
distribution '{(x) along the channel axis.

4. The case of a step change of the coolant speed

Let us nov consider the case of a step change In the coolant speed.

The final coolant speed "v" is given by the followingr equation

vEuy 4 Av=v o+ v, 1(t) (1)
where
v, = initial steady state value of the coclant speed
Avc = amount of cooclant speed chanre
1{(t) = unit step function.
Takinc into account eq. ! and eq. 15 of para. 2. eq. 16 of para. 2 becomes:
av_1(t) do avc-l(ti]aae 300 mh_
_._...__vo e L o Ja“ MR ol (8T -40) (2)

The Laplace transform of eq. 2 is the following

#
1 &v_ dO Av \dAB nl
¢ o c * o O at*oa0"
T +(1 + ;;-) i & oh0 v (A.Ls AQ ) (3)
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lle divide all the terms of eq. 3 by the factor

Avt v Eo
‘|+_.s-—=T (4)

v
o o

and we gzet:

dae* oY) . do_ av,

* » * [] cl1
o+ Lodo - (ATS AB7) (5)

We have from eq. 17 of para. 3

de

o N
T " Coue™®p)o 1) ©®

Eq. 5 of para. 3 is:

*
A‘I': - cs(a)ae" + o F (o) S ux) (7

Putting eqs. H)and ¢)in G)and taking into account eq.(7)of para. 3, we get

dae ] . Vo1 2 _ AP
S+ Y(©@)0" = - o (0 ~0) MGx) FE o+ (9,,~0,) HCNF (@) g~  (8)
[n] (o] 0 0o
where
Y(o) = 20 [l +m Fs(c)] (9)

The solution of eq. (8) is the following

20*(5,x) = - T(a;x) [e(x)-ei]o -i;:- ?—‘i-:; (10)
o 0O
Ae (o) W(o;x) + 9‘—'-9-3-’3;-9-)—‘7(0;::) [ecx)~0,],
0 Q

where

fo S /DD ayan
-1/2

o (x+1/2)X(0) J[” x Y dx!
-1/2

ﬁ(c;x) =

()

X
[@(K)"eijo = (euut-ei)o J:llz Il(x')dx' (]2)



-ll_

and W(o:x) and V(o,x) are defined in para. 3.
For the average coolant temperature © and for the effective coolant temperature

9 _., we have
eff?

a8* = -li(o) 2 T Ea—o ?&% (13)
0 Q
+ 40} (0)1(0) + £ ‘”‘P L8 £9) G0y [6-0,],
4] O
and
% 4 = Av 1
80ugg = = i Hope (o) [0 gm0, f ra (14)
+007(0) Vypp0) + 4= QLP(L) Vore () Bgemol],
0 0
+1/2 _ X
where J' W(o;x) D II(x')dxz[ dx
2y 2=1/2 “1/2 (15)
W(a) +1/2F %
j [f M(x')dx']dx
-1/2 Y-1/2
+1/2 x
(6—91)0 = (eout-ei)oj ’:):”2 M(x')dx']dx (16)
-1/2
+1/2
/5 d(o x) M {x) J{ M(x")dx'
= -1/2 1/2
Wogg (o) = 172 a7
j iiz(x) j M(x')dx} dx
-1/2 ~-1/2
+1/2 .
j Eiz(x)[j M(x')dxﬂ dx
-1/2
- -1/2 o
(Oeff—ei) = (9 ) (13)

o out-ei o +1/2 9
/ M7 (x)dx
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and ﬁ(o); ﬁ(o); Ueff(o) and Veff(c) are defined in paragraph 3. The following

properties are important.

From eq. (I8) of para. 3 and =2q. (11), we get
V(o:x) = Fs(a)ﬁ(o;x) (19)

From eq. (24) of para. 3 and eq. (15), we can write

V(o) = F (o) - {i(o) (20)
From eq. {23) of para. 3 and eq. (17), we obtain

Veff(cr) = Fs(c) Ueff(o) (21)

In case of complete loss of coolant eq. {3) becomes

mf de
* 0 * W o 1
9‘0059 T (ATS AR} + = o (22)

In case of constant powver (AP=0) and constant inlet coolant temperature (ABi-O)
and tzking into account eqs. (6) and (7), eq. {22) becomes

ac* = l M(x) (9 .-0,) (23)

5,02 [14uF _(a)] out 1’0

5. Physical meanins of the parameters "2" and "m" and comparison with the axial

lunmped model

In addition to the definitions of the parameters "i" and "m" given respectively
by egs. {6) and (7)of para. 2, it is possible to obtain another expression for the

product "&n'' which has an interesting physical meaning.
Eq.(4)of para. 2 at steady state conditions becomes the following

do  mf _
&y (TS 8) (1)

Integrating eq. (1), we get

ml _ E)xt}ut“ei

Y 7 -3
S

(2)
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Eq. 54 of para. 4 in Bibl. 1 gives for y the following equatibn at steady state
conditions

Fodm b
R L )
Y 4 4 -
T -T T =T
c s c s
where
'1‘c = central fuel temperature
and the line at the top indicates average along the "x" axis.
By combining eqs. (2) and (3), wve et
1 @..-6
mp =~ -SME_ L ®)
4 1 -T
c s

If the coolant speed {s larre, 2" becomes small (eq. (6) of para. 2) and the
product mf becomes small. We have from eq. (4) that the steady state axial
coolant temperature profile becomes small {n comparison to the fuel radial
temperature profile. This means that a more simplified axial model called
"lumped model" can be used.

The lumped model is defined by the follouing relationship between average,
outlet and inlet coolant temperatures.

AO ,+AR
AD = _..:.l......i....'.al“.E {5)

L. | )

Inteprating eq. (14) of para. 3 and eq. (8) of para. &4 in respect to "X", we get

respectively
»*
* * - AP
Aeout aei + Y(0)a0 = (Gout ei)o Fs(o) 5;— (6)
and . — Avc 1 -
B0y * Y(0)A0 = (0 =0, v, © )

Taking into account eq. (5), we set respectively from({6)and{7)

s i . - F () &P
80" = w3 oy7z 201 * (00, T2 P (&)

v 1
- c

1 -
Rl P57 )Y F: (&-09), ;;"E N



- 14 -

If wve compare eq. (8) and (9) respectively with eq. (21) of para. 3 and (10)
of para. 4, we realize that ve obtain the same result by calculating the follow-
ing limits

jwe"Y(0) () /2_-1(0)/2

lm (o) = 1im ——— = 1lim - (10)
20 Yo  Y(6) (o) Y(o) ell9)/?

i
= e THO2

Y(a)+o
and
- - F {a)
iz V(o) = lim V(o) = lim FT?FWE an

40 Y(o)*o Y(o)+o

6. The case of uniform power distribution along channel axis

In this case we have
M(x) = | (1)

Eqs. (17) and (18) of para. 3 give respectively

leta~e,1, = x+1/2) [o, .~8,], (2)

F -
V(o;x) = Tl -ﬁ—-—Y(S) [!-e (XHIZ)Y(G)] 3

Eq. (26) of para. 3 gives
l-e -¥(o)

Uagglo) = (o) = W (%)

Eqs. (23) and (27) of para. 3 give:
(6-01)0 = (eeff-ei) 2 ( out i) (5)

Eqs. (24) and (28) of para. 3 give:
- F (o) j—g Y ()
V{g) = Veff(d) 2 ‘-YTBT 1 - Y(o (6)
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Eq. (13) of para. 4 gives:

J=e (X¥1/2)¥(0)

W(o;x) = ARG M

Eqs. (17) and (19) of para. & give:
= - lme-Y(U)
W(o) = “eff(“) = 2[!" —Y-(ra—-'] (8)

In the next sections of this paragraph the functions W(o;x): V(u;x): (o) and
V(o) are developed in expressions which are easily antitransformable to the time
domain.

6.1 Expansion in series of poles of the function '1(o-Xx)

The function
W(G;x) - e'(X*l/Z)Y(U) (l)

can be developed on the imaginary axis (o=juv) as follows (see Appendix 1):

n=-® 1+E o
W(o;x) =e-£(x+”2)o[w,*(l-w,) £ D '_B"_'] (2)
n=] = 14A o+B g?
0 n
where:
Wy = exp [ B (e41/2)] 3
an
A= - (4)
B (1-e anlz)crn
e%n/?
B, = 3 (5)
o
n
a = (x+1/2) —2 (6)
n 0.25+v2%0
n
I-e-an un
D = mi/NGHTD [Tt e T ™

t /By My
En“:r/(i‘*r ®
n n n
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o, = "n"th root of the Bessel function equation Z(c)+y=0 and Z(c) given by eq.
(23) of para. 2 in bibl. 1.

Rn and In being respectively real and imaginary parts of the expression:

' = - "Bmlz ' ~an e 1y2
(I ) o An ) mhm (1 Ame on+Bme (cn) ) .
eaﬁ;2+l me] 1-A_g'+B (a')2
mn m A
m¥n
vhere
] - -
Ty ¥ My T IV, (10)
with Ah
My =t 35 an
n
and .
L (AN
n
0 *YE_ (Tﬂ") a2
n n
we have
n=eo
E D =i (13)
n=]

6.2 Expansion in series of poles of the function V{o:x) in the case of uniform

power distribution

The function
1 Fs(o)

V(o:x) = =77 Y6 []_e'(x'Pl/Z)Y(a)] "

can be developed as follows on the imaginary axis (o=jv)
(See Appendix 3)

l_e—(x+l/2)no n=> P
Yox = v et V2 B TRt @
n=x P! fmos 1+11 o
‘v, e (x+1/2) %0 5 n +v, e (x+1/2) 20 £ n

*
ne} 1+o0/o nel ™ t+A g+B o2
n n n
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where
v * T &
v, = - -LLE 1 4)
2(14m)2 x+1/2
- +1/8 1 + B (1-5.) (5)
V3 T}W 172 " T 1
m
Y4 " Tem 5y
2
[ (14m)
P = (6)
n y+1/8 Uni [(lnni-cn*)'l-li (ch*_m)z:l
1= _jﬁi__ o *
1 kae A-E_ m
-5t (l-w]) I Dk(Ak-Ek) p ]
et p (y+1/2) k=1 1A 0, +B (0 )
Bm ) 2(x+1/2) 1 y+1/8 # B (1-5.)
(x+1/2) 2(1+m)% 14m |
v
. 1 %n Rn
“'n"G'“/(T*“G‘) (8
n n In
A Mo v v
o= g—(-g- I+ P.n) (%)
1 n
n=© sy
s = I (—“ 1¥ 0+ RV) (10)
n Tt
n=] n

R; and IZ being respectively real and imaginary parts of the function:

l-wl FS(-OQ) Bn .
BEGHT/2) THuF(-o7) D (A "E) ('“ AL ‘n (tn

and

1 = -
% © ¥n jun (12)

(7)
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™ .
l-- _B_k_._ o hd
1w Y+1/3 n== k= -E. n
*
1-5, = ' £ Po I D(a-E) Ak*nk ] (13)
mi(x+1/2) 14m n=1 k=] l—Akan +Bk(0n )
Un‘ is the "n"th zero of the Bessel function equation
2(e) +y+ o =0 (14)
M5 Vg An’ Bn; Dn and En are given in para. 6.1
v ; m and Z{o) are given in para. 2 and 3.
We have:
vtV vty =) (15)
a=m = n=x®
I P = I P'=a 1 ' =] (16)
n=l ® pel ® = O
- v, (x+1/2)- I P () =1 an
n' o
n=]
6.3 Expansion In series of poles of the function ﬁ(c)
The function
-Y{a)
W I e T
W(a) 0] (1)
can be developed on the imaginary axis as follows (see Appendix 6):
_ _ l_e—lc _ na in . eg A= L
o) = w, tu, I ——p4uye L —s (2)
Lo n=] l+c/fo n=] l+0/o
n n
= _g. DE® 14G_o
$5 e E
n=| 1+A_g+B o2
n n
where
- 1
Y1 T T (3)
- +1/3
7y =m /3 %)

2{14m)2



a.lg-

w3 = (]-S])
(1+m)?  1m
iy
- 4(14m) 2
Ln = * * * 2 = Pn
a_ (y+1/3) [(4m+o Y+4(yo_ -m)?]
n n n
v o
n (Pn)x=112
“m/y 2
l-e - - n o
F < ] Dn(A'n En) T+a ot n
n mi' -
B~ e 5
]_e—mﬁ,ly == 2 sa%
F - [ nn I4m J'onn
n - me =
R i T 51]
Sl: An; Bn; Dn; En; Hh and In being SI‘ An‘
for x = 1/2,

*
o P;, Sy M, W are given in para. 6

A, Bn’ Dn and En are given in para. 6.1

m, &, and y are given in para. 2 and 3

e have
w! + WZ + tr3 + wa = 1
=% _ nes n=w
I L = ¢ '= I ¢ =1
n n n
n=} n=1 n=1

2

(5)

(6)

)

(3)

(9)

(10)

M
T and Nn calculated

(11)

(12)

6.4 Expansion in series of poles of the function V(g) in the case of uniform

power distribution

The function
F (o) ]_eﬁY(o)

A (0N e (Onn

(1)
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can be developed on the Imaginary axis (o=ju) as follous (see Appendix 7):

_ _ l_e-zo _ l_e-ﬂo - 2 _ D= ;n
V(o) = v, - vy + vy v, I ——+ (2)
%0 3 2202 20 n=} 1+0/u
n
n=™w E' a0 o ns® o'
-l-vaen'uz : n'+v5'£———(3—n——-;—2-+v6em _—EE_—T
nel  i+a/o, n=t (14a/o ") n-l (140/a )
P L 1+H o
tvi,e to r Z -
n=| 1#A_o+B o2
n
where
3 (I+IISZ 2(W3 4) (3)
1" %.(14m)2 "t 14m
- 1
2 " Tm @

2w 2w
- 1 .. v+1/8,2 1
vy ——— (y+1/8) - — [( v * T92Ci0) :] M L

2(14+m) £4(1+m)
2 - kmo g ¢ (o 0. %2
o2 _y1/3° 2 1T T p 7% %% -
i(i+m)  1+m n + r—
n=1 k=l o l-on Iok
k#n
2(w3+w4) v+1/3
£{1+m) 14m
- pok Nt
;4 . Zwl [ T*‘IIB) i :I . 2(wa+w4) yH/e | .
22 (14m) I4m :‘92(l+m) . L(1+4m) 14m
o . . S - -
— ] —_ ]
2! n k== U*LnLn*-a*LnLk
+ 3  y+1/8 5 5 k n
£(14m) {+m =l k=] un"
k#n - —
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Bk )
- I~ — Un
o T Y e sy ——E
Wy Ty B0 ey K K yhe "4 0 ")
262 Y+1/8 n=m
Ys T Wiy T L D @)
2u y+{/8 n=e
v, = r LI (8)
6 a(l¥m) (i4m) ., "n™n
; - 2_?;} n;m(?’&lh""pw) (g)
7 2(l4m) _ \T B n
n
L +1/8
5 . l:—1+“‘(**”8)- L (10)
", 2(14m)2 2(14m)> L(1+m)o_*
* x, »
. a(y+1/3) Lgm 9y ‘f.k +o_ /ok
z .- * T
2(1+4m) kkl o, =g lck
B *
- P Un
L o kwee =G,
Fe2 2T 4G e G GG ——b ko
vy £{1+m) k=1 ]"'A.kcrn +Bk(°n )
* * == |
j‘lt..__'-pf-l.(‘_. nLk
7 Iy 2 = ;
_ k=to N o, Ln vy
+ 1+ +
3 *®, % *
=} l-on /ok Lan
k#n ]
I
0 = o= S (12)
L
n=1 n
i-t
all - n=2 n (13)
x > 5T
n=l] nn

Qan
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2, an(y+t/8) , =
N - 3=+ K fu
zn o m . £(14m) (Un Inw . Rnw ) a4

2 unll(l+m) n

- .
- 1 // Y4 n
b3 (1) )
n n n

InU and Rh" being respectively real and imasinary parts bf the function:

2w4 { - -
-
wiamy (') Folmop) = _ B -,
m 2 2m(y+i/8) = - cn(Ah-Gn)(l- - - °n) (16)
(m) + — + K l'l'mFS("dl;) An-Gn
2(1+4m}
T .
LA jun (7
A
0o 2. (18)
2B
n
- 1 Kn 2
o= = (19)
B 2%
n n
b T A L -
W s Up3 Ugl U3 Ln’ Ln’ Cn, Gn are given in para. 6.3
Un* i3 given in para. 6.2
A, and B being respectively A and B at x = 1/2
An and Bn are given in para. 6.1
mf and y are cgiven in para. 2 and 3
1- _Bk_ Gn*
= - Z;I‘W])I: v+1/8 n;w Ln k= ﬁk(Kk—Ek) _ Ak:r1_{ s (20)
£7(14m) I+m n=] k=1 I—Akcn +Bk(un )
We have: B
v, +t v, + vy + v, + \L + v+ vy = ] (21)
=<0 - - n=w - ha L - naws -
— 1 = =
I Pn E o I {'\n = I Zn 1 (22)
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(23}

(24)
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The case of sinusoidal power distribution along channel axis

In this case the normalized power distribution along channel axis is

M (x) -%—/g{i—z) cos (£ x) (1)
where &L = 7 '/% (1)

with H' being the extrapolated length and H being length of the fuel rod.

Eq. (17) of para 3 gives

_ Sen ﬁ(x)+507ﬂ4/2) - © (2)
[@ (X) 6‘]0 - 2 rem (&/2) (@"U"‘ ")0

Eq. (18) of para 3 gives

)
V(G:, X) = sn (oCx)oi sem faC/.z) {igc:)YYz(:;,) (COI (o( X) " Cos ('C/-’l-) e

- (x+ %) Y(2)

)+

L Lle1xt  inldn) | i (%) -f**%”f"')) ()
L2t Y 20) « o< < ’

Eqs. (23) and (27) of para 3 give

= 1
(e_ei)o = (eeffﬁei)o =32 (eout'ei)o (4)
Eq. (24) of para 3 gives
Vie) = 2 o) Vi) 7 - J-a vee) (*/2) cos (*/a) -
T Kt Yo Yce) sin (%7)
AL S S b (5)
€2 Y * (o) Yceo)
Eq. (26) of para 2 gives v
2 -Yie
2 2 Y () 7-e
(0) « —2 oy
Wets 7 PP R (2) L 2 v Yco)

2% . g—a Ys) . o ' _7+¢-Y(a-) (6)
YoLRe YCo) Y¢o) o< Z
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£Eq. (28) of para 3 gives

©) = 2 FS(G)Y(G) [ 1- %—sinz(uIZ) {(a/2)cos(al2)
v g) = 2 - - t (ozl + (N
eff a2+7° (o) 1 + 21345 sin (a/2) eff
RC)
+ m I'Ieff(c)
Eqs. 11, 15 and 17 give respectively
(o;x) = = ¥(9) [cos(a x)- cos(a/2) e-(x+!/2)Y(Uﬂ +
sinfo x)+ sin{o:lz) a2+Y2(0)
.ot [sin(u}q+ sin(a/2) e-(x+l/2)Y(Uzl} (8)
a2+¥2(g) a o
= Y (9) l—e-Y(o) (a/2)cos (a/
(o) = 2 L2 . [:- +
a2+Y2 (o) T(a) sin(a/2)
+ o2 . l-e-Y(U) (9)
o?+¥2 (o) Y(o)
1
- (@ =2 () ) 1 3-sin%h/2)_ (a/2)cos€a/2) (0 | +
€ a2+Y2(0) ]+sin(a/@ sin(a/2) €
a2 .
' a2+72(g) et "

In the next sections of this paragraph the functiomns V(o;x);
V(o): Weff(o) and Veff(c) are developed in expressions which are easily

antitransformable to the time domain.
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7.1 Expansion in series of poles of the function V(qlﬂ) in the cdse of sinusbidal
power distribution

The function

a F, (0)Y{0) -
V{o,x) = —~ - [ 3 Gcos(ux) + cos(a/2) e (X+!,2)Y(°;) +
sin(ax)+sin(a/2) Lo?+Y2{0)
P (0)a? B ; .
+ 8 (siq(ux) . sin(a/2) e-{x+llZ)Y(o5 )
aZ+Y2 (o) a a

can be developed on the Imaginary axis (o=jv) as follouws (see Appendix 10):

n=w 14F1 o ns® 1+E2 o
V{o,x) = v, L Dln + v, e (x+1/2) 1o X nzn L +
n=| 1+AS_o+BS o2 n=1 1+AS_o+BS_o?
n n n n
n== 1+E3 ©
+ v, e (X1 /Doy D3 e (2)
n=1 n 1+A_o+B_o?
n n
vhere .
sin(ax)+sin{a/2)
sina/2)
v, = EJI+(l-wl)(l-525] (&)
sin(ox)+sin(a/2)
sin(®/2)
vy = (l-w])Sz (5)
sin{ax)+sin{a/2)
D1, = sin(ax)-DS + a cos(ax) DZ (6)

[ <)
Eln i} s:I.n(c:ux)Ill..,n ESn + a cos(aox) DZn Ezn .
si.n(ax)DSn + o cos{ux) DZn

w,DP_+(1=7,)(1-5,)DK2
Dzn R - 1 2 n )
w1+(l—wl)(l-52)

v EP_+(1=-uv )(1-S,)EK2
E2_ = 1 "'n 1 2 n (9)

WIDPn+(I-U1)(I-Sz)DK2n
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D3n = DKln

EK1

E3, * tmi
n

)3 l--wl; An; B are given in para, 6.1

DS _; Esn; nzn; EZ o AS n’ BSn are civen in Appendix 8,

n!’

SZ; 1-52; DKln; E{{ln; DKZn; EKZn; DPn; EPn are given in Appendix 10,

fle have

vl+v2+v3=l

I DI = £ D2 = £ D3 =1 X0, L DI =0 x=)
n n n ‘n

n=] n=1 n=|

n== D] El
n n

T —35 0
n=1 n

n=« DI AS_ El
L 2 (| -2
BE

n

n=1 n

n i
""-B-g--—) = g cos(ox) _2?

(10)

(11)

(12)

(13)

4)

(15)
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7.2 Expansion in series of poles of the function V(&) in the case of sinus-

cidal power distribution

The function

YO ) cor ()

— £ (6) Y6) _
Vee) -~ 2 2280 |4 T ¢e
<2 Y 26) Yee) st (<)
- ]
Ele)g?  g-a T
PRV ()
L5 Y Y Yre)

can be developed on the imaginary axis (e=jv) as follows (see Appendix 11}

-5 L Ll o Z F1=00 -
v - 7-a — n - 46 Z
= + VvV —_— aZ d
Vie) Y e J‘Zn, T pw 3 =7 1+ Te®
n ”

77> 00
_ T+EY4, & _ -t 2Z A+ES &
+V¢,E D4, " 2+V5¢€ 5 D8, 4 — +
= A, 6+ 35 & = 7eds 0858

n=
-3 g2-=
+-a'¢ ‘péﬂ -fff?é & (2)
= 44faérr4;$
.4
where v, = o {(z)
= Pl s s
V, = -— &)
2 f(—f.ﬁm)z (
- PV =
V3 ® Cl1rm)* +;*;i,; /4'!7) . (s

- cor (%
v, Lo gerla) (6)

L 51y (%7 )
v - %-m@-@wm-@) (27 ) (%)
v~ - 5 ) 8 (#)
“rNe Do - DA, AL -EA, (5)

_,7
o= — DZ, +
D 7 Ve < . L(7Em) ~ € 4eml
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Fr 7P EAZ . Wrné’f

P2, EZ Vv

E(_f = < i n " £ (-1em " 2L trm) {40)

Izl gzpz " ’H.I‘_‘f/&, .D/f.? _ -Z’/f,,ﬂ-f,',-é-/ﬁ,

7 llrrm) n £ (1 #m)
-f 'p}rnA"g-g/rn ./"r'- _’/S’ -
ﬁg; F':;_ 6’!/'7*”’) f(-fr—m -m (4-\r1) ﬁfrq" +
3

+ (m- 22| (7-5;5) DKE, (1)

S * - m?s,
DK, BS _ IZJ‘ vy +m/7‘f1):15/f‘/n +(m —_.’_;7.1:.{:!_) (7—_5’:?)5/1’5,1

55 - €(1+m) Ll em) (42)
" DRALER, (e T . mL
e '[mw wm TD ) DR | o T (125 K%,
D§ = Dkeé, (43)
EAE,
Ey e (14)
3;; 4‘.3;_;;/4:,;3:, éd.f'ny f7, ’/-—51,- /4,?; 5.'1
calev’oted /or x =z,
An ; Bn cre yz'vq,n i para 6§17
O'ﬂ*,' J; , -?"f, ara ?/'Va,n tn pord 6.2
Z-n P Z:_’ ara yzv.zn 7 /oa-ra: 63
/L(ﬂ ; BS,, DZ,, EZn ove yf'vm  gppandrx £,
Sy TS50 DK, ER, DRE,; EKT, DHY,  EXY, ) DAS,
E/'rﬁ_n , 2/1’5” ; E/réﬂ ove y/'rm ' G’ﬁﬂeﬂdd’ ‘7{
Jt s
L':- 6
(757

v‘-'f

n
4

<
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- o0 » o0 .
2 ﬂ#n = E = E
=7 n =7 Js-n noat ‘Dén’ 7 (J,‘)

n

n-e Dy, E4,

> zs, Y (4%)

n a7

M =od
i (7_#4,54:,)” 20 sin (%2)

n = 3; Cof(.(a/"z) (/ ('fy)
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7.3 Expansion in series of poles of the function W‘ff(c) in the case of

sinusoidal power distribution

The function

< -Yee)
L -
VM{ (6) & oo coc2(2) Y (e) 7-¢ +
732 L Y% Y%s) Yco&)
. 2a? g Yes) ) ik 7 Q—ch) "
YLt Ys) Ye) e l

can be developed on the imaginary axis (o=jVv) as follows (see Appendix 13)

-.{5 ST o -_—
7~ e Ln -le L"
(e) = Woprqg ——— E + 3@ §
Wez# i <t 1 44 w2 et 7*'6/6'; “# A Al
/1o et
“EHT o . Tt EH, 6
T Wk s Z #7, ’/f//ﬁfe-'f-ff/ 6'ZT ; Jf-Al{,o'd’!{;o'a' @)
Nee AHrEHZ &
F g d” DH3, ——— -
e Z TrA 608 0
4 A
where A/lﬁl‘f =_1* s£1n L 4 e m (3)
oL
7 & e
Wy, = — -
eff 2 7r __r;vc ((4#—!77)1 (4)
Wty * = s e | L7 (7= F) (5)
eff3 7. :Zir,, . 2t e +m{7-Jy
7 sem &£
Vd#'f 7 .rf'ﬂcl 2L (6)
- s stni
Vs i [m-T_ £) - g, xS o 2 (1_.,,)(4-.:;)} ()

4 fno(
e 5 |(m 0 550 (7w)f] (»
«
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Uk cos*(%a) k& 7 _ 24 A+ T
0//{":0”* st & .9/14 sink Pl4rm) ﬂ/‘{q (AA{! E#")f_s’rha( m{’/f»m)z 9/?",‘: g/

4 UK cor(*) cnr AL T 24 AU
E”ﬁzﬂﬂ-fn [‘D}t{a EA{) 4 srn & ‘D/K b/Z sind E{7tn3] 0K, 84, f_.r/llofml.’(-f:m)‘? Eﬁl?n (70)
7 Y (/IA,’,-EJ,’,) e T 2 —

IHR = - - ") | DHE +

n Wﬁﬂf{('f*'i:‘){ l1em) ‘Iﬂr"t’(:frm)'2 7+ 7 'C’ "

+(m- ﬂlﬁ')[f ’J},)D}fffﬂn * ::(’(|_;VT o7+ 7- w,)f“/—{—)ﬂ/f‘f.?nU (4+1)

4y GH, » Y 2 =
EHR = 7 — 2h bt |, £t m [1-4,)| E#8 +
,D/:’.Zn M‘#; /-'HT) Cltem) Cl1rm)R  TEM

b (=722 ) (1-5,) E1g + 2L F.V_, £ # (7w ) (7- f{)ﬁwg} }

(42)
JH3 = 7 (m_”’_‘?f;)f DK ond (7-wi, ) . DK 77 (413)
" W (1225 aem Mo 0T 24 s ”
£H3 - 7 [ - ”’zf;),r EHT + 2L (g )S. Eh (#¢)
" DHI Wiy, (1+555) 7em CTETT T a4 ST e

57"7"..( A . ‘gﬂ, éQf'nf J;,' 7-

N B, colculated for X2 Va,

wy, anel T-w, ofse celeeialact /a'r xa2 7.

Wy, T-wy, A,, 8, ore givarr in pove 6 1

G, * J:., 7- 5, dva‘?zl'zn tn pora 6.2

L

-, ‘ .
o Ln /Y& yrrq,n n pove 53

AH, BH,, PH,, EH , N, . EN ave grvan in appaendiy 1L

‘S;‘ . -fl—ff{ ; ‘r.{_f 7- ‘r{! 'pfzr ‘; [/7;7/ 'pﬁ/;n/ fﬁﬁ ; z);'rgn . E/r‘?n . ‘p}f% / 5#27 /

It 0, , EAT0, M 17, EH17,, D72, , FAT12, ave givan in oppandix 73,
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N/ Y
=6
z J"/¢ﬁ’(.-. - (78)
Rk
/7= R l:" 7=
> VM, - > I = > QM = T (16)
o e 77
i DHT, E'//‘{, 2L corll (1)
naq ‘5;/0 stn & . ¢
2 = 41 Fut,AHY, ) | 4P
> hlegin) - )

n s 7 Z?/"f:,
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7.4 Expansion in series of poles of the function V_ff(o) in the case of
<

sinusoidal power distribution

The function

y £ (o) Yeo) A=Y s (%) _ (%4) cor(%/2) W (o) .
e fo) - L2aYE) -7 ‘l-:—:-;é Sre ['(/2) 'z# v
£ csr£7
W, . (o) (1)
osz yzfd’) ‘76[ 7

can be developed on the imaginary axis (g=jv) as follows (see Appendix 14)

V y "f_fl-(a- V == L- V - €5
et O Teprq e | le#a Z o T Vi3 & Z”% *

v, ST prs LT Iz, 7rEr2,e
- S 22—
W T eng 085, "‘“Z " 7eb0 +24,5°

_te n=zw A ELT €6 s LA “frELH S
Ve Dt ———— +Vyz e 24, -
e nZ'f " eaLee 85 #* Z 72 AKE - BH8"°
} rram T+ELL &
#hge €50 D5, —— (2)
rrE 1A 6+8.0
I -
where V‘nﬁ('f-'f,r. Y S (7)
-1 Lol
Vet2™ " TR ;2 c4)
7!"'2— f(‘fﬁfﬂ)
7 m -
Vs oL | ey o 2 (r1)) ()
eff3 7’,‘-—-—’:’( ﬁ’(‘!f-m)f Fem 7
7 S ces F%/3)
v, - g, - Ll
He 7'#-02__"’”’( (2-( £ Lsim (K /2) 6
-7 stn L
Va//; - g1 ol 2L (4_&) (4)
ol
-1 cos (/) -
Vewre - Weprs Sz * Vfﬁ“ £z *1f_“‘r:2'c Leim (<) (7-%) (o)
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m
b
N
&y
P.
::{

%ﬁm — Mﬂf H#%) (g}
V‘#P " Wowg (7755) (10)
p A ! simn i
I - 2H3Z ¥ S 047~
" Ve 2T \etarmy VT A S
5 i — = 7)‘5. _(h")z['(/:z)
S - (DK AL -EX )+ ¢ ank D2, (1)
ol
Er1 - 7 Tt ppy oK pyy
"D, Ny L | el T T Tk 65T
. - ’,’{;n}raf“/a)
- £{1em) ‘D,’f,‘,‘g'.rn it 4&&"’ rp}—,, EZQ (42)
&
r s (73)
L,
EIQ,? : DLz, "
) PH AL - EX,
013, - Ny Sy 23, W, 5 DLS, r—2-2 )
. Lg R v oy
_ - j":‘ Y _r
7 __If'( (f(ﬁm) rm 7 ff))ﬂ/ﬂ/n "~
3 24 B,
EI3 oo | Wy, Sy EL3, Wy Sy ELS, #—n 2
T | M 5 S M €2
7 Uy -1
70 (emm) " 1)) EMJ .
274, = DL 4, "
" (4F)
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DI, = DL6, (19)
ELGn

EIS, = Big_ (20)

-85 A En being 1-S.; A ; B calculated for x=1/2.

A Bn are given in para 6.1.

o* 1-5, are given in para 6.2.

L H Lln are given in para 6.3.

AS BSn; DZn; EZn are given in appendix 8.

DK i EK i DK3 ; EK3 i DKhn; EKhn are given in appendix 11.
: i i 7.3.

weff5' weff6 are given in para

AHn; BHn are given in appendix 12,

Sgi 1-Sgi Soi 15,5 Sgi 1-Sgi DL 5 ELA 5 DL2); EL2 5 DL3); EL3 5 DL4

n' n n n
ELhn; DL5; EL3 ; DLSn; EL6n are given in appendix 4.
We have
-8
Z Vige =7 (24)
i
ot 7w nee s 00 n-e = o8
> s > Wz > W, z@ﬂ/n S wus, S g s 7 (22)
=T L ER n et As-t e st
&= DI, El2
Viu Z 0[4 ZEA Kﬁsﬂz I;Ti“ 0 (23)

L2te JD[—f A( EH 212, A E12,
Vetry E i el Kfriﬂ (7- 7 /"

- (%) 4
'f*-%?ﬁi f/'

= 7 (24)
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¢. Antitransformation to the time domain

The expressions developell in para. 6 and 7 are easily antitransformable to the
time domain,

The following table gives the antitransfottsed of the elementary fumctioms con-
tained in the equations of para. 6 and 7 {see Bibl. 2).

Laplace transform function
F(a) £(7) (1)
~-ag
e (o) f(t=a) v >az 0 (2)
0 TS a
- X
1 1 a
1+ac a® (3)
- X
'—_—L_Tf —%-T e 2 (4)
(1+ao) a
- 3.
1 + co %—e 2b sinY?‘t +c (cos Y1- %F sin{Yt ) (5)
1+ag+bg?
a Ll - 232
¥ Qb G55)
I_e—ao
= 0 T>a (6)
Ifa 0 <t ga
|-e 30
1 T >a (7
ag?

t/a Tg£1T S a
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9, Yumerical Examples

Some numerical examples have been carried out by using the ecuations obtained

in paragraphs 6 and 7 and the table of the antitransformed given in paragraph 5.

The following numerical examples have been calculated either for a unit step of
the inlet coolant temperature "91“ [functions W(o;x) and ¥(0)] or for a unit
pulse of the power "P" [functions V(o:x) and G(c)].

The time of all the calculated transients is "t" that {s the real time "t"
divided by the radial time scale “tr"°

Fir. 2 shows the transients of the averare coolant temperature (curve 1) and of
the outlet coclant temperature (curve 2) due to a step of "91". It 1is interesting
to notice that the two curves differ counsiderably. This means that the simple
lumped axial model in this case can not describe the transient very precisely.
Curve ! can also represent the transient of the outlet coolant temperature due

to a step reduction of the coolant flow. Lookin~ at curve 2 of fir. 2 it is
important to notice that the transient is characterized by two parts: a step at
=4 (which is equal to the time needed by the coolant to cross the all channel)
followed by a slow transient. Physically, this means that the coolant, during

its travel along the channel, receives less power than it would have got 1f

there was no change in the inlet coolant temperature. The difference between

the total power produced and that carried out by the coolant is used to heat up
the fuel rod to the new equilibrium value. 'hen the fuel has reached the final
temperature, it berinng apgain to release the all powver to the coolant. For this
reason the second part of the transient, being dominated by the fuel time constant,
is very slov.

A better understandins of this phenomenon can be obtained by looking at fig. 3
in vhich the temperature transients at differeat channel heirhts are shown. The

size of the step 1s decreasing as we move from the imput to the cutput of the
channel,

Fig. 4 shows the outlet and averare coolant temperature transients for a smaller
coolant speed (2 = 0.02). The difference between the two curves is more pro~
nounced than in the case shown in fig. 2 (£ = 0,002). This means that the smaller

is the coolant speed, the worse can the lumped model describe the coolant tran-—
sients,

The size of the step depends on "2" (fir. 5). The bierer 1s "L", the smaller is

the coolant speed and the smaller is the step size because the longer is the
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time it takes to the coolant to cross the all chamnel. The bigger is "m" the
emaller is the step size of the outlet coolant temperature (fig, 6). This becomes
clear if one thinks that, because of the definition of '"m", the bigger is "m",
the bipger is the heat capacity of the fuel which must be heated up to the new

equilibrivm value.

The initial step size depends also on "y" (fig. 7). The bigeer is "y", the bigger
is the step size, This becomes clear if one thinks that the bigger is "y" the
smeller is the heat transfer coefficient between fuel and coolant and therefore
the morz arldiabatic 1s the coolant temperature transient. In the extreme case ys=
(that is heat transfer coefficient betuveen fuel and coolant equal to zerg), the

cutlet coolant transient would be perfectly adiabatic that is a unit step at t={.

Fir. 8 shows the transients respectively of the average coolant temperature
(curve 1 ) and of the outlet coolant temperature (curve 2) due to a pouer pulse.
The two transients differ considerably in the first rising part. This means that

the lumped model vould not describe them correctly.

Fig. 9 shous the coolant temperature transients at different channel heights.
We notlce that for a given channel section the peak temperature is reachked at
a time t=2(x+1/2) which is the time needed by the coolant to travel from the

channel input to the section under consideration.

Fig. 10 shews the transients of outlet {curve 2) and average coolant temperature
for a smaller coolant speed (& = 0.02). The difference betueen the two curves

is more pronounced than in the case shown In fig, O. This means that the smaller
is the coolant speed, the vorse can the lumped model describe the coolant tran-

sients.

he smaller is "&", the bipeer is the peak temperature (fi~, t1). This can be
easily understood 1f one thinks that the smaller is "¢", the smaller i{s the time
required by the coolant to cross the all chanpnel and therefore the bigrer is the
peak temperature,
The bigger is "m" the smaller is the peak temperature (fig. 12) and the bierer

i, Tt

is "y", the smaller is the peak temperature (fie, 13). Fig, 14 shous the effect

of "o" (axial power shape) on the transient of the outlet coolant temperature.

Fies. 15, 16, 17 and 15 show the influence of the number of noles on the
accuracy of the calculation of the coolant transients. In fins, 17 and 13 the
influzsnce of the "singular pole" which has a larege imaginary part (see Appendix 9)

is particularly examined.
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Appendix 1

In this appendix we intend to obtain the expression {2) of para, 6.

We start from

W(5;X) - e-(x+1/2)Y(6) (1)

Substituting in (1) the expression of ¥{(%) given by eq. (27) of para 2,

we get

-{x+1/2)16 e—(x+1/2)1m6Fs(d) (

nJ
~—r

W(e;x) = e
From Bibl, 1 para. 3 we get for Fg(d) the following expression:

&/

1 n
Y -
oF (o} C‘Z /e T 7 > don Trels. (%
where:
§ - —x . iy
- = vg. £ (u)
sn 0-35+Y25£ n “sn

”—Gh“ being "n''th reot of the equation 1+§%§T = 0 with Z2(&) riven by
eq. (?3) of para, 2

Putting (3) in (&), we pet: n=e el‘/dn
n
- 2 -&T 146/0
N(G;x) = e (x+1/2)16 e 7 (=)
where
im v
a, = (x+1/2) =2 J;n = (x+1/2) *———2l§~" CED
Y 0.25+v"8

From Aprendix » eas. 47, we fet on the imacinary axis:

- 2 - o
&/s e /2 g 4 o730 g g
n ~ ] n (.—,)

-an =
>
e 1ro/e, 144643 6°

which is valid only on the imaginary axis, that is when &=j¥

In (7) it is

a

A = = - (8)
76 (1-e7/ )
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and

Putting (7) in (5), we get:

-(x+1/2)1s n=a 1+e'an/2A£5+e‘aan§2
W(g:x) = e 5 (10)
n="1 1+A8+B &
n n
We have:
k=0 1+e-ak/2.ﬂ. er+e_akB 62 k== ‘I+e-ak/2A 6’+e-akB 62
k k _ .=8p —l—l— k k (11)
2 - € > +
k=1 1+A G +B & k=1 1+A +B o
K k k k
k#£n
1+eA 1 —a, /2 -a 2
to%, an72 k=2 1+e K/ “Aoie KB &
+(1-e72n) lve LS k.
144 &+B 6°  K=1 14A g +B &°
n n k k
kAn
- gz a - K=t ay k=oo 1+Ek6
= e = + (1-e = ) Dk —~
= AG -3
k=1 1+ K +Bk
If "-aﬁ" and ”-d;” are the conjugate roots of the equation:
144 64BB° = 0 (12)
n n
from eq. 11 we have for 6~+5%
-ap A k=00 1-e"ak/2A 6‘+e-akB (U')2
D (1-E &) = —1=&—uf1_p’ — | [T £ K B (13)
n e %k % 14e07 ¢ =1 1-A, 6! +B, (1)
1-¢ K= k£n
and for 6'—’61':
-an 4 _w 1-¢"%/2) e%e"kp (5 )2
D (1—E U") = i-e Py 1 _2_7.5 k 5 k' n (14)
nooonn _%::1 ae | " 1+e?n Clkan -4, 8745y (G7)



- 42 -

Eqs. (13) and (14) can be written as follows

-3
1-e 1

e-ml/7(x+1/2

D (1-E p +JE v ) v (R, + 3T.) . (15)

1=

-ap
. a 1-e 4
Dp(1-E p=3B w,) = 1ML/ 7 (x+172] (Ry-31,) (16)

In (15) and (16) it has been taken into account that:

=00

2y = Bxr1/2) (17)

k=1

Rn and In being respectively real and imaginary varts of the expression

A K=o 1-e_ak/2Ak3h+e"akBk(6é)2
R +3jI_ = (1-¢' _____7.) |[ (18)
n n T 44e%n 2 k=1 1-4 &' +B (G')2
. kn "k''n
kin
In (16) it has been taken into account the well known property of the
analytical functions:
An = o% 1-e-ak/2A£5;+e-akBk(U£)2
(1-6" ) = R =3I (19)
nedn/2 Ty 1-4 8B (g")° o
k'n "k "n
k#n
In (15) and (16) it has also been put:
by a
6 =1 =iv, (20)
Yo _ :
6, = M +iV, (21)
From (15) or (16) we get:
-3 41
_ 1-g¢ 1 n n
Dy = -ml/y{x+1/2) (V Ip * Rn) (22)
1-e n
and
" R ~l
1 n n
E =3 (F+71) (23)
n n n

Putting (11) in (10), we get:
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n=w 1+E &
Wopx) = e VAL, (w5 D — B (24)
n 2
n="1 1+4A 6+BR €
n n
where: —o
- an _
w. = e n:% - e HII/T(x+‘I/2) (25)
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Appendix 2
In this appendix we want to demonstrate that:
- - 2
6/6 1+e an/zA.c+e 8nB ¢
n | . n n (1)
exp |—-a = 5
n
1+8/¢ 1+As+B 6
n n n

along the imaginary axis that is when 6= jV
In (1) we have:

a

B n 2
*n = & (1-e~20/2) 2
n

and

an/2
. 2 (3)

n 5
n

We introduce the new variable x = 6'/'45'n

-1
exp |-a G/Eh = expl-a_ =Z=|= o“an/z exp |~ iﬂ . f__ (L)
P n 1+675n n 1+x 2 x+1
Let us consider the function
an K]
f(x) = exp|~ =T {5)
If in (5) we put y=1/x, we get:
1 an | 1
f(;) = f(y) = exp 5 ;:T = Ty (6)
x=1

The problem consists in approximating the function exp —an/2 b

the imaginary axis (that is when x=j«) by means of a rational function.

along

The order of the two polynomials (at numerator and denominator) must be
the same. The bigger is the order of the polynomials, the better is the

approximation. Numerical evaluations have shown that a ratienal function

with second order polynomials approximate the function exp —an/a ﬁf% very
accurately for most of the practical cases, that is for
Osa g3 (7)

Taking inte account eq. 6, the rational function will be of the following
type:
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(1+xx1)(1+xx2) ean/a

g{x) = (8)
(143) (14)
Xal X2
with
_ -an/Z
XX, = e (9)
It is necessary to associate another relationship to eq. 9 in order to
determin X, and X5
This second condition may be fixed by imposing that
£ (3o = (5o (Case I) (10)

or
dg(iw) _ 4, dE(iw)
llfg —Edzy = ﬁ]’_iz m (Case II) (11)

where Wé and ?f are respectively the phases of g(jw) and of f(jw).

We shall consider the two cases separately.

Case I 4;(3-1) = f.(5+1) (12)
We have
. 2
- - - a - =23
f(j@) = e ap/2 exp qe=1) exp |8 Ao mejw | _ (13)
Jw+1 2 1+w2
= exp iﬂ 1:55 exp|=-J 2n®
2 1+a§ 1+&F

From (13) it follows:

2
\f(jw) \ exp Zn 1ed (14)
2 1+aF
and
anw
T+w
We have also
2 2 2 2
a (4%, Y1+ ox.7)
\g(jw)‘ SR — (16)
(1+£ )(1+ELP)
;‘Z X2

1
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and

‘@) = - @ L
f%(gw) = arctgex, + arctgex, - arctg ¢ arctg

and therefore

. 1 2
4;(31) = arctgx, + arctgx, - arctg .— - arctg =

1
Since:

arctg % = M/2 - arctgx
(18) bvecomes:

fg(j1) = 2arctgx, + 2arctgx, =T

which can be written as follows
x1+x2

Y (§*+1) = 2arctg———o— = T
g 1-x1x2

Condition (12} is therefore egquivalent to:
a X +X
n
-5 = 2arctg

-
1-x1x2

(22) can be modified as follows:

1

2

2

(17)

(18)

(19)

(20)

(21)

(22)

(23)

Taking into account eq. (9), we can finally write condition (12) as follows:

X +X, I a, 1
T C G T
1%2 teT

1-e-an/2
XqtXo = TEp

thr

o dgljen .. df(jw)
Cage II lim —ET4—7= lim
woo IV, d (e

We have:

dg( jw) 1 1, _ap/2
lim —ET%ZT = (x1 -t X, -3 ) e

W o 1 2

and

N df( 'U) - &n/z
lim —ET%BT =8,
D —0

Condition (25) becomes:

2

2
x2(x1 -1) + x1(x2 -1)

x, X =-a
1%2 n

(24)

(25)

(26}

(27)

(28)
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Taking into account eq. 9, (28) gives:

e-an/2

1 X

1
o-2n/2 =<8, (29)

X - x2+x2e

Finally condition (25) can be written as follows

ane_an/2 a
X +X., = = (30)
T2 an/ 2 ean/2_1
In conclusion the two sets of conditions to determin x4 2nrd X, are the
following
-an,/2
e B .
x1+x2 = T (31)
th
Case I
. o-8n/2
X%, = e (32)
and
a
X +X, = = (33)
17%2 7 a2,
Case II
. o-2n/2
XX, = e (34)
Fig. 19 show the two functions
( 1—e—an/2 an
N(a ) = =—~gz— (35) and M(a ) = =T 6
n tg_hg n ean 2..1 (3 )
Fig. 20 shows the function
M-N
E(an) = - (37)
From fig. 19 it appears that if
Oga €3 (38)

the two function M(an) and N(an) are practically coincident.

Numerical evaluations carried out on the IEM 7070 computer show that,
assuming for x4 and X5 the values obtained in case II, the errors in sub-
stituting f(jw) with g(jw) are less than 5 % in the amplitude and less than

2° in the phase when 0 g a, g 3.

Figs. 21 and 22 show respectively amplitude and phase of the functions f(x) and
g(x) [Case II] with a = 3.



From egs. (33) and (34), we get:

x n 3 e‘an/2 __aE —
= _ﬁ-_‘—_ - J - 2
LY R 2(e®n/ 7 1)
a a 2
n -ap/2 n
Xy = gy o+ Jffe ——————
2 a(e®n/2lq) 2(ea;72-1)

a

48 -

For any wvalue of a, we have:

In fact condition (41) can be written as follows

which is satisfied for any value of a as it can be easily seen by

e-an/z >

n n
cosh 3 >/"l+—8—

a

a
n

2

2(e3/

a

a

developing cosh -2 in

2

2-1)

2

series.

Putting (39} and (40) in (8), we get:

Remembering the

e
Futting
A
n
and
B
n

T+ X —-—9——» + X e_an/a
] an a 1] /
p(x) = to 2] #n/?
a /2
{1-e "0/ %)
X = Sﬁdn, we get
a -an/2
. a?bn 146 —— n2 . 62 -
ni+o/oy {e n: -1%p Un
a an72
1+ 6 na/2 +5'2——e2
G (1-e %) Gn
in enq. {(44)
a
_ n
{1 e-an/2)
ean/B
n

(39)

(40)

(41)

(42}

(43)

(44)

(45)

(46)
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we get

o/cn

-a_/2 -
-3 j+e n A Ote anB ol
n l+0?un - n T &7)

1+A_o+B_o?
n° °n
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Appendix 3

In this appendix we intend to obtain the expression 2 of para. 6.2

We start from:

1 | Y v
B VAR 1 N

According to eq. 2 of para. 6.] we have on the imaginary axis:

n== 1+E &
1_9-(x+1/2)Y(6’) 2 1o iX+1/2)1E, e-(x+1/2)15(1_w1) 1_2 D n
n 2
n=1 1+A 6+B @
n n
B
n=wo 1+A EE &
- 1_3-(x+1/2)1€+ e-(x+1/2)la(1_w1)6 :E; D (A -E ) n n 5 (2)
n=T % % q.a64+B6
n n
being:
:E: D (A -E Y = ml(x+1/2) (3)
1
According to egs. 21 and 27, we get:
Fglo) 4 F O sue) (1)
Y(&) - 16 1+mF T 1eY L, -0
S z(e) * 62(6)
where:
J_ (V-8
(6} = - (5)
2/=8 J,(f=8)

J0 and J1 being Bessel functions of the first kind.

Eq. {4) can be written as follows
F_(6) 1 1 =
Y(o) ~ Is 5iZZGﬁ+y|+m

We want to demonstrate that

FS(G) a n=om fn
Y(&) ~ (1+m)1a‘;§; 146/0 * (73
n

where

ll' "

"-oh‘" is the th root of the eguation
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Z(c)+v+%=0 )
and
4(1+n
£ = (). 9
(4:11+c:1_1 Y+4 (ch -m)2

1t wlll be shown in Appendix &4 that all the roots "-crn*" of eq. 8 are real and
negativae,
From eqs. (5) and (6), ve obtain:

l+c/on*
f = (14m) lim ——— (10)
o o+-on* o[Z(c)ﬂr]ﬂn

(1+a/s_ ") 2/=5 3, (73
= (l+m) 1im * n =
o+g " | -0 JD(/:E)-t-Z(mwo)/:E Jl(x/-—o-)

h* ,

a (14m)2 n* Jl(/cf) lim 14
o, oo |35 [-UJO(Q)*'Z(EHU)J:F I (V=0)]
Since it is:
-d%- {0 J_7~o+2(m*yo)/=o J,(ﬁﬂ = an

=.5_ [- 2 3 (/~0)+/=g 3, (o) +hyl=o 3, (/:E)*(mec).!o(»’:?)]

we have:

{j—o [- 03 VT 4 zcmmw-—o;‘c/-—o)]}v - a2)

Saam(]

n
*

2-
AL WL Y AL I WAL il 5 (o *) =
o' n 2 n 1 n 2 o n
oyt 3,0,

= 2

* *
[4(2mt2-y0_ 200 +ty+1 ] =

Vo * J. (Vo *)
=n1
2

2o [faysi-a2wz-ve Ho- 25 ] =
a
he3
* *
Yo J (-/a_)
5 —= 23 n 4* (Yanm--ﬁ'z)2 + -—]§ (4m+c:):‘
On Un
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Putting (12) in (10), we get:

fn - ;+(1+m) - 5 (13)
(4m+6h ) +4(Y6n -m)
which i1s equal to eg. 9
Taking into account egs (2) and (7), eq. 71 becomes:
= f -(x+1/2)1¢
1 1 n 1-e
V(e;x) # + (14)
x+1/2 1(1+m) an 140/ &
n
Bn
14 ————
n=o A -f
- &
b (1w e (x+1/2)1 :E; Dn(An'En) ““‘"E“"E_E
n= 1+A g+B 6
nooon
It is:
-(x+1/2)1e n=e f -{x+1/2)1s
1-e n - 1-g _ (15)
& . s
n="1 1+6-/5n
%
=0
- 1_e"(x+1/2)10’] HZ fn/"'n
n=1 1+6/6 *
n
and Bn
n=of fn 1+ A -E S
—_— . EE D (A -E_ } ——— | = (16)
» T 2
n=1 1+6'/a'n 1+A 6+B e
— — i
C ml{x+1/2) n=oe 1+Nn6 N =00 fn
= e 51 Mn — + (1-58.)
1 n=1 1+A 8+B 6 n=1 1+6/c*
From eq. (16) we obtain:
Bk
T-w -1 E %
1 1 k™ k
f! = £ EE D (A -E )} (17}
n ‘IS ml{x+1/2) k''k "k 146 ™48 (G nr)Z
kn k' "n
and, taking into account eqg. (7)
P (- -6, ) B
- ) n_gf) {18}
Mn(1 Nno‘ ) m (1+m) W D (A -E J(1e —— n"En &n
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1 F (-¢")

-w B
1 1 S n n n
Mn(1-Nn5g) = g: ICTEVE {(1+m) Dn(An-En) (1= —————-Sn) (19)

1+mFs(-6§J AEn

where —o; and -6# are the complex coningate roots of the equation

2

1+A 6+B 6° = O {(20)
n n

Putting

t =5

Gn = b =iV {(21)
and

"o_ 0

6n = B +Iv, (22)

eas. (18) and (19) can be written as follows:

. _ 4 v .V

Mn(1-Nnun+JNnuh) = g: (Rn + Jln) (23)
. _ A v o_ L1V

Mncw-ann-JNnvn) = g; (Rn JIn) (2k)

"R;" and "Ii” being respectively real and imaginary parts of the function

1-w1 Fs(-si) Bn '
ml(x+1/2) (1+m) 1+mFSz-qhs Dn(ﬁn—En) (1- An-En dn) (25)

From (23} or (24), we get:

1 un v v

Mn = g— (-‘;— In + Rn) (26)
1 n

and
" v

1 n n

Nn = -\;'- (;"— + —;) (27)
n n In

Since it is:

n=9 Nn=w
PR (28)
n= n=

we get

S1 = E;; (;; I; + Rz) (29)
n= n
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r -
and B
1. —X_ G *
‘I—w1 1= k= Ak“Ek n
-8, = S TETTEY > f an(Ak-Ek) - —> (30)
n=1 k= 1-A & "+B (6 *)
kn k' n
L J

Putting (15) and (16) in (14), we get finally

1 e-(x+1/2)15 n-e Pn
V(o:ix) = v, — + v —_—— (31)
1 (x+1/2)16’ el " 1+d_/6,n*
=@ P! n=o 1+N_ &
.y e-(x+1/2)16 n . v e-(x+1/2)1§-j§Z:M n
3 » N n 62
n=1 1+6/6 n=1 1+A 6+B
n n n
where
-
Vi = T (32)
Vo = 7 x£1/5 5 1 (33)
1(1+m)° x+1/2
v, = T+1/82 1 _ ., = (1-5,) (34)
3 1(14+m)~ x+1/2 1+m
m
Yy T Tem O (35)
£ /g "
P = n ' n - T4+1 1 £ (36)
n - p=m . &0 g% °n
:E: f /% n
n n
n="1
because it is
n:m
E fn +1/8
rp i B I;:E— (See Appendix 5) (37)
n
m
VoFat Tam (17840
PI.'!. = v} = (38)
1- __EE_.G »
T-w k=o A -E n
1 1 1 . 1 :EE:. D, (A -E ) k 'k
. 104m) x+772 o % 7 10 T/2)(me 1) £ Tk Tk kT oA 0% By (6%)°
n 1 y+1/8 , -m (1-81)

x+&/2 1(1+m)2 1+m
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1-w FS( -g") B '
) = 5 s _n - - t
M (1-K§ 6) m {(1+m) - . 6") Dn(A E_ ) (1 i- nﬁ ) (19)

where -o; and -Gg are the complex coningate roots of the equation

1+4 845 62 =0 (20}
n n
Putting
[ -
S = w =iV, (21)
and
wo_ .
6n = un+3Vn (22)

eqs. (18) and (19) can be written as follows:

. I TS
M (1-N n +3N v ) = ; (Ry + JI) (23)
. v LV
Mn(’l—Nnun—JNnvn) - 5, (R - JIn) {24)
"Rv" and "Ig" being respectively real and imaginary parts of the function
1- F_(-6]) n '
;TT;:77§7 (1+m) -_———T———T D -E ) (1= An_En dn) (25)
From (23) or (24), we get:
"
1 n .v v
M =g (5 I +R) (26)
1 n
and
v
1 n n
Nn =5 (V_ + — (27)
n n I
n
Since it is:
n=="
E EE £=1 (28)

we get

n=

i
S, = Z (;5 I; + Rz) (29)
n= n
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and ( B T
1o B __ g *
1-w1 1= o k= Ak-Ek
1.5, = £ D, (A, -E, ) (30)
! mlfx+‘1:25% " kZ:l' KTk Tk 4 p 6 *4B (5 *)°
kn k' n
i i
Putting (15) and (16) in (14), we get finally
-{x+1/2)1e n=w P
1-e :E n
v(iesx) = v + v . (31)
1 {(x+1/231¢ 2 = 1+°76n’
_ ' _
“(x+1/2)16 8=2 By ~(x+1/2)16 B2 14N o
+ v3 e — + Vq e E Mn
n=1 1+6/¢ n=1 144 g+B_6°
n n n
where
I
Vi % Tvm (z2)
v, = - y+1/8 5 1 (33)
1(1+m)~ x+1/2
1.7’_3 = Y+1/82 1 + B (1-51) (34)
1(1+m)° x+1/2 1+m
m
»
P = fn/dn J+m 1 (36)
n  n=» i y+1/% g% 'n
E f /s n
n n
n=1
because it is
n=m
E fn 1+1/8 .
e g;r = 53 (See Appendix 5) (37)
- “m. - I
V2Pn+ g {1 ST)fn
P! = = (38)
n vj
1e Bk & »
1 1 i, 1-w, Z}‘:” b (A -E ) A-B m
. 1(1+m) x+1/2 o ¥ 1{x+1/2)(m+1) =T KK kT qoa, 0 %R (6%)°
. n 1 v+1/8 m

! 2 (1"‘81)
x+1/2 1(71+m) 1+m
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"Mn and "Nn" are given respectively by eas. (26) and (27).

It is:

Vit Vot Vg vy = 1 (39)
and

n=m n=uw n=o

gpn,gpn_gmn_1 (40)

From eq. 1 we get:

lim V(6;x} = lim - i1 (41)
Hwop 600 x+1/2 1Y52

From eg. 31 we get:

bk Vo &% » U2 i“’ » 2
lim V(g;x) = lim b o— E P& " - = P(e ") | = (L2)
6 yon & —» o0 {(x+1/2)16 & <~ nn &2 <4 B n
n=ot
1 1 1 :E;: f & »

= 1im - +

&—rw |16{(x+1/2)(1+m)  16(x+1/2){1+m) (x+1/2)162(1+m) n=] 10

Nn=mo

R
1 n=

(x+1/2)10‘2 1+m

Comparing 41 to 42, we get:

> fe* o im (43)
nn Y

=

ar
n=o
1

a2
EE: Pn(sn »T o= - 17(x+1/2)v2 (44
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hppendix 4

»*
I~ this zppendix we want to show that the roots "-dn " of the Bessel functior

equation

2(o)+y+§}-o (1)

ar2 all real and negative.

Ic is
I (/=%) d 1g {5 3, (/)]
0 1
Z{g) = - = (2)
ZJ:E'JI(J:E) do
It is
n::co
J. (/<) = i T (1+ ) (3)
1 2 b
n=2 n
whera #S;'are the real zeros of the Bessel function I,
Taking into account (2) and (3), (1) becomes:
n== 1/b
1+m n
———— T = =y (4)
o] n=2 l-l-a?bn
If o=x+jy is a root of eq. 4, putting it in (4), we get
n=©
y |42, 1 .o (5)
x2+y?  n=2 (::.'+bn)2~|-y2
Fquation 5 is satisfied only if:
v =0 (6)

From (6) e can conclude that all the roots of equation (1) are real. Since the

cnefficients of eq., (4) are all positive, the roots vill be also all negative.
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Appendix 5

With reference to eq. 37 of Appendix 3, and to eq. 13'of Appendix 7, we

here to show that:

o= L, ye1/8

= g * 1+m
and
= f, | 8%, 1
n=1 (sn')2 14m 192( 14m)

It is according to eq. 7 of Appendix 3
F_(s) =6 f
(14m) 2 = E 2
1+mFSZ65 oy 1+676ni

It is also

and

F_(6) ,
P(6) = (1em) =— - 146P(0) +6° Po) ...
1+mFsidi 21

Comparing (4) to (5), we get:

n=e f

:E i SR ()
n= 6‘
n

and
fg _ P(o)
W2 2
:EE: (6.™)
It is:
1+mF (6} F1(&)-mF (8)F' (@)
Pls) = (14m) [ = ] = S S =

P+mFS(64 2

(1+m)F'(6)
s

P+mFs(dj]2

want

(1)

(2}

(3)

(4)

(5)

(6)

(73

(8)
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F;(S) 1+mFs(6)]2-2m [Fé(o) ]2 [}+mFs(6}} )

F(6) = (1+m) n (9)
[1+mF (6)]
5
F'(s) [1+mFS(0')] -2m [Fé(ﬁ):['g
= (1+m) =2 = 3
P+mF (Eﬂ
5
Developing the Bessel function in series, we get:
62
14§ + 53 °°°
F (6) = 8 192 - (10)
s 1+6(y+1/L)+6 (§ zr) e

From {10) we get

[§+%---][1+657+%)+52(-§+%1;}--] [‘I+ —é ][(y+‘]/k)+2o‘(§+£ﬁ)"‘]

819
F!'(e) = = (11}
s P+5(y+1/4)+32(§ + g%)--}a
1 1 1
«{v+ )+26[— - - ]"'
F!'(s) = 8 152 EEE § (12)
s [1+a(y+1/t+)---]
From (12) we get
(13)
2
11 . 1y, .. Tyeoos 1 1 i .
F'(5) = [2‘@'31:%’“][1*“**1:’ ] "2[1’*"‘**1:’ ]‘**1:’ [“**E)*“‘ﬁz‘aﬁ'ﬁ’ 1
S F+6(Y+1/h)'-']u
2(_1_ - Ye2(y+1/4)( +1/8ﬂ & |-« wﬁa ssoe| saa
F'tﬁ) =l: 192 L § Y M [ ] [ ] (14)
3
[e6Crs/0-+]
D+6(Y+1/Q)+---]3 [1+6(Y+1/4)+-°-]
Putting &=0 in 1C; 12 and (14), we get
F_(C) =1 (15)
FL(0) = - (y+1/8) (16)
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" 2 1
FS(O) = 2[}Y+1/8) + m] (17}
Taking into account (15), (16) and (17), for 6=0 (8) and (9) give:
+1/8
F(0) = - IW (18)

and

) 1 2 1 2 v+1/8+2 1
PlO) = (1+m)2[2(1+m)[(7+1/8) + @]-Zm('yw‘l/&) }: 2[( e R 55T (19)

Putting (18) and (19) respectively in (6) and (7), we get:

Nn=e f

n o y+1/8

o e (20)
n=1 n

and

a== fn T+1/8 2 1
> oz - CEn) T - (@
n
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Appendix 6

In this appendix we want to obtain the expression 2 of para. 6

We start from

= 1-e_Y(6)
Ws) = T (1)
According to eq. 2 of appendix 3, we have B
n
!II]. - 1+ m—s
-Y(6) =10 Y - = n n
1=-e = 1-e (1-e 6 n(An—En) — 3 (2)
n="1 1+A£5+Bn6

where ﬁn; En; Iﬁ; and'ﬁn are respectively Dn; En; An and Bn calculated for
x = 1/2

It is according to eq. 3 of appendix 3

n=00
= = ml
nz:‘an(In-En) = ———7—1-e_m1 - (3)
It is

mF (&) F ()
1 1T 1 s 1 8 (4)

1
Y(&) ~ TeTwmF_(6)] ~ 16 1s Twar_(6) ~ 16 ~ " (&)

Taking into account eq. 7 of appendix 3, we get:

n=o T
I I P n
ey ~ 16| Tem g 1+o’76n* (5)

Putting (2) and (5) in (1), we obtain

_ 1»e—15 " 1_e-1€ n=os fn
(o) = ls T qem 1€ ; ‘1+675’n‘ + (6)
E
ml x—ﬂg~€
1-e T -le
+ ——1'— e D (A -'E ) ——— -
144 €+B o
n
" .
[
_l'_n_]; n_ 1+ E _E‘

=0 f =
m 1-e Y ~1& E§: n _ n n
T 1m 1 € < 1+a75n$ ;;gan(An En) = =

141 o4+8 6°
n n
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It is:
[ ]
o™ pza £, -18 ) 1-g~1¢ n=w £ /fo -
1o 2y 6/6, ¥ - 16 1T 2 o765, 7

According to eq. 16 of Appendix (7), it is:

B
= fn n=o - _ tﬂ* "Kn_:%n ¢
EE . E; D (A -E ) =t | (8)
Y/
n=1 146, dn n=1 nonn 1+A£5+Bn62
ol _ Dh=e "l+ﬁn6' _ N=o¢ i_';l

==t |5, > B s s (1-F) > ——

1—e-ml Y 1 n="1 n 1+An6+ﬁn62 ! n=-, 1+5/ah*

where §1, ﬁﬁ, ﬁn and f; are given by the corresponding equations in Appendix 3
calculated for x = 1/2.

Putting (7) and (8) in 6, we get finally:

_ 1-6-16 = Ln 16 n=w L’n
Wiox) = W, ——— + W -~ f W, e 5 + (9)
1 le 2 — 1+G;Gh 3 o7 146, n
_ “1s =on 1+Gn¢’
Wy e °h TT =2
n=1 1+A 6 +B =~
n n
where:
- 1
W, o= ITE {(10)
;2 = m _Iijéﬁg (11)
1(1+m)
2
vy = - Y+1/82 - = (1-8) (12)
1(1+m) 1+m
m2 =
"y = g S (132
1+m fn 4(1+m)2

=
[ []
I

- = =P (14)
T ye1/8 6& A (Y+1/8)[k4m+6h*)+4(yan*-m);1 n



1/8 = 2 z \E
SLEME T 4 B (1-8)F!
2 n 1" n
T 1(1+m) 1+m _
n 2 -
m Y+1/82+ m (1-31)
1(1+m) 1+m
B
1- s *
k:w* o Ik—ﬁk n
1 -ml/y) D, (A -E )
T + 1 P k Tk . _ .2
- LG* y+1/8 n 1- i +P’I\{(‘sn )
R0 g (44m)2 LB, B (15)
1(1+m) 1+m
-ml/y _ 2 _
1-¢ D(A-E) -3
T - 1 n_n 1+m "1 'n
n m2 _
m - w4
1_e-ml/y _ m2 oo
D B - =—S8_ M
- 1 n n +m 1 'n n
G —
n _ m2 -
C |lm~-—238
n +m
It is:
W1 + Wé + W5 + Wu = 1

(n]
1]
]
=
=
]
M
u
=l
e
"
M
1 i
1]
Q
. |
u
—

n=1 n="1

From eq. 1, we get:
lim W(6) = lim ==
&0 6 —ace le

From eq. 9, we get:

lim W(s) =

lim
& —voa &—00

=)
{1+m)le

; 1
_6'1_];!2‘ ( ( 1+m)16’ +

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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Appendix 7
In this appendix we intend to calculate the expression (2)
We start from

F_(6)
Gl

1—e-Y(6)

According to eq. 7 of Appendix 3 it is

F (&) 2 n=e f
> 8 - n
Y(¢&) 1(1+m)e 142
6*
n

According to eq. 9 of Appendix 6, it is:

‘1-e-Y(5) 1-3-16 i T‘n
1 —m— E'ﬁ1 1= = +Eé T~ + (w +WL)(1-e
Y(6) 16 51 3
Lol *
n
_16 n=ow L'n n=a _ 143 &
+ e w_ {1~ I+ 'iiu(‘l- C —_—n———)
> n=1 1+-2— n=1 " 1+A 6+B 62
s * n n
n

n=o0 —L- = E /6 *
N - n =05 n n
n=1 1+—8— n=1 1+6/6 *
»
&
n
n=e L' n=e L' /s *
1- n__ S 2B
n=1 1+6/c n=1 1+576n
B
= 1+ L
n=w _ 1+G & e
1-ECn —-GEC(A-G)————-——-—-—é-
n=1 144 €+B 6 1+4 6‘+B 6
egq. 1 becomes:
n=w f -l5 ‘WE /6' *
- 2 n — |1 1-e _— - n n
V() = —=—o Wz - T W, > 2
1(1+m) n=7 1+°% 16° n=1 14676

n

of para. 6.4

-16) +

(1)

(2)

(3)

(4)

(6)

(7)



Putting in (7) € =

l(1+m) n=

Taking inte account

2
DL ICIE R PR D

C, we get:

2 =0 f'

(1+m)%  1(1+m)°  1(1+m)° =1 6

eqs. 17 and 13 of Appendix 3, we have:
1- »
n=w L{1+m)

f' A 1—w1
n=; G" ml{x+1/2)
Putting:

2(1-w1)m
K =

12(1+m)2(x+1/2)

2(1-w1)m Y+

K=o A --Ek n
E S>> .
D, (A -E )}
(4m+6 )+(76 ‘-m)a 5&‘ =T kK K yase .+Bk(6n*)2

1-5 kn

n=w 4(1+m)/8n* k=0 A-E "n

»

» 2
n=1 (4m+sn )+(Ysn -m)~ | k=1 1-A 6 "+B (6

12(1+m)2(x+1/2)‘ 1

eq. (8) becomes:

2 Eh’ =

1(14m) =7 = » 1%

where: K = (K)x=1/2

1/8 p=w = ot T~ 2 7E %n 2m°(1-5,) g=e £
k "k 1 n
Ly Dk(Ak'Ek) » w2 | = 2 p
+m n= = 1-A o "+B (& ) 1(1+m) n=1 ¢
k'n k' n

n

m 2o(v+1/8)

= + + K
(1+m)2 1(14m)°

1)

(8)

(9

(10)

(11)

(111)

“'*]9-



It is:

- -16 —_ * =-1¢
2W1 n== fn 1 _ 1-e ) 2‘\&'1 Y+1/8 n=% Lnsn 1 ) 1~-e )
1(1+m) ;g; 146/6 %€ 16° 1(14m) A+m  |n=T 146/6 *|6 167
_ _ = - -1¢ - - -1¢ _
Yy 2w Y+1/8 pze L T 1-e X 2(y+1/8)%W, 1-e i 2%, v+1/8
- ™ 1.2.2 2 2
1¢4m 1& 1(1+m) 1+m n=1 1+676n 1+m 3 18 1(1+m) 16 1°(1+m)  1+m
and:
= - » - - = x
2“'2 n=e £ n=« Ln/qn ) 2., Y+1/8 =00 Lnsn = Ln/ern .
1(1+m) nz; 1+6%5n‘ n=1 ’1+G'/6n“l 1{(1+m) 1+m |n=1 1+576n' n=1 1+676n'
2m(y+1/8)° 2m a== g, pse G
1.2 I 2 3 (1_83) :EE:____..; t S} T %2
17 (14m) 192 1°(1+m)~ n=1 1+syen n=1 (1+6/ah )
Note that:
n=w L 1#m p== f 1+m y+1/8 2 1
n* - - = , + — (See Appendix 5)
n=1 & y+1/8 n=1 G ) v+1/8 1+m 192(1+m)
It is:
* T = -
1 (Y+1/81/Q1+m) . K=o Lk/sk L =~ K=o L5,
fn T D5, LAZB L R et 6T 1-s /s
1= + = - G = -0 s
Z 1+m 192(y+1/8) kén k n Kén n k
on“ 2
1 (v+1/8) /(14m) ke g0 G E
= L — L
-S4 I%JZE + ?5?11“1787 S P
+m v+ kfn B n /%

(12)

(13)

(13

(14)

_gg_

)



3 - 1 (y+1/8)/?1+m) 12
n s Y+1/8 n

z Trm T 192(Y+1/8)

(Y+1/8L/21+m) &= k = k
1-85 = 3+1/8 1 z Ly i L
T+m T A92(y+1/8) *

kAn
 (y+1/8) [Crem)
53 T oy+1/8 N 1 i
1+m 1G2(y+178) ©
It is also:
-1s
g 2(w_+%, ) |1-e +1/8 psw L
4 -16, ¥ n
i1+m5(w +w4) EE; 1+676 = 101+m) & - (1-e ) 14+m ;%; 1+675n*
and
- Py — - * P »
1€ n=o Lh/&n 16 2w3 v+1/8 | n=ce L & n=e Lh/sn
e iy i’:a%—w D A R e re s rrll D | P
|
2m( +1/8)2 2 ] o Q
-1 Y m _ n=ow ¢ n=w Qn
= =g > l[, + E) 3 + K (1"54) . + 54 2
15( 1+m) 192 1°(14m) n=1 146/0_ n=1(1+6/an')

Note that:

_ 1 =t —_—
Z"“”‘Lz_.‘i@ ' _ K
" 6" w — & W
n="1 " % n=1 " 3

K is defined by eg. 10

(15}

(16)

(17)

(18)

(19)

(19"

_99_



2

m{y+1/8) - i (4=5) i
1 l(‘|+m)2 T+m 1 ) _ . k=e0 i;/&k* fh = Ekek.
[ed = L (=]
n 2 n°n * » » »
1-5 m y+1/8 1 = k=1 1-6 /6 & " k=1 1-6_" /&
4 1(1+m) % 1+m )+ 192(1+m)]+ K k£n n ok n kfn n ok
2 23 * & *
miys1/8) . o (q1.5) LI . TE
2 1 * n k * nk
1 1(1+m) T+m Zk“' Kk n Y+1/8
" 4-8 m v+1/8.° 1 = k=1 1-6*/s * 1+m
A ( o+ + K h k
1(1+m) T+m 192( 1+m) kAn
2
m(y+1/8) o (1-5 )
_ 1 1(1+m)° 1+m 1 _ _ y+1/8
2 = 5, 2 Lak
n L m (y+1/8) . 1 L ¥ TR em
1(1+m) 1+m 192(1+m)
B ™ »
n(ye1/8) | w° (5 N I
1(1+m)? 1+m ! N=w |k=e &% T K * k Y+1/8
1-Sh = 5 :E EE n
m (Y+1/8) N 1 . g n=T k=1 1es */u * 1em
1(+m) T+m 152 1+m) kfn Sk
2
s o 1(1+m) 14m ESf.E-E' y+1/8
L - 2 nn
m (T+1/8) R 1 . g =1 1+m
1{ 1+m) 1+m 192(1+m)

v+1/8
= (20}
1+m
1
2
(21) :
(22)
(23)



It is:

Nz f n=oe

2 -1l n — - -
—_— w _ E C (A =-G_)
1{1+m) 4 ; 1+ﬂ'/6n‘ p=7 Bonon

=

. 2m(y+1/8) =

2
=16 m
= e (=) 5

1+m 1(1+m)3 n=

Using the same procedure as that used for eq. 16 of Appendix 3, we get from eq. 24:

+ K[ IS 7 -
n

_ n
7 = (B 1Y 4 RY)
n 5 v n n
2 n
- w
—_ i R
H = .'::I" {':.'r'l' + -E"')
n v v w
n n I
n
- n=1uof i
s - 1(1+m) z (=2 1% + rY)
2 m 2 2m{y+1/8) = Th=1 'n " n
( ) o+ -+ K
1+m 1(1+m)
2w y+1/8
q =
o - 1 1(1+m) {1+m) T e z
n 2 nn g
1-5 m 2n{y+1/8) = k=1
2 > + 3 + K
{1+m) 1(1+m)

1+

—

B

n

n-

n

14A 648 62
n n

+ ‘(1-52)

= e
S
»

=1 1+6,
n +/csn

(24)

(25)

(26)

(27)

(28)

- 89 -



_ [ B
2w1+ v+1/8 . . “- E Gnt
1{1+m) (1+m) = = * — - - = k "k
1-82 - 2 2 ( 1/8) - = ann =7 ck(Ak-Gk) 1_';&' - ¥+§ (6, .)2
o 5 =18 s 3 + K B k n k
(1+m) 1(1+m) |

R; and Iz being respectively rezl and imaginary parts of the function

oW
L — =
(14m) F (-e&) B
IZ‘E-t-mS S n - z (K i Y (1 nG a,-l)
m 2 2m{y+1/8) = 1+m F (-g') © 0 T nn P
{ ) o+ + s n

3 K
1+m 1(1+m)
L 4
where:
= T _ T .- t -
sﬁ =R iv, (Note: 65 means & at x=1/2)
and _
A
= _ ., .D
Bp © EEn
A2
Vo= |le - (55)
n ): 0 )
n n

Futting the expressions (12), (13), (18), (19) and (24) in eq. 7, we get:

-le -16 = P = T =
_f(s') = “71 A-e - 5-2 :11—82 5 + ?2 2_ . ?3 n n . + Fi{_ e-]_a‘ n=ce n . N _‘}_5 n
16 3 1°¢ 16 n=1 1+6‘/6n n=1 ‘l+6‘/6'n n=

=ob a' 7
- -le _ - 1+H &
+ Ve e EE P TS+, e 1s SE 7 n
n= (1"’6-/611 ) 7 n=1 =2

(29)

(30)

{31)

(32)

(33)

—l (34)

». 2
N )

- (9 -



_ 2(y+1/8) 2(w +WL)
V, = ~— - W, A ————
1 1(1+m)2 1 1+m
- Wq
V2 = T%m
pw, v+ 1/8 2%, v+1/8 2 1 2m(Y+1/8)2 2m 4 2(w +ﬁq) v+1/8
VB = - - — ( , ) + +|— T + > 3 f-SB - 2
1{(1+m) (1+m) 1°(1+m) 1+m 192( 1+m) 1°(1+m) 192 17(1+m) i 1{14+m) 1+m
N
aﬁ1 y+1/8 2 1 2(w_+w, ) y+1/8 Em(Y+1/8)2 2m
— ¥, -
V, =+ 3 )+ + - 5 " + 5 3+ K Pasg] +
1°(1+m) 1+m 1¢ { t+m) 1(1+m) 1+m 1°(1+m) 192 1°(1+m)
J
2 om(y+1/8) | = 1 ‘
+ ( z ) + mAYH + K f-sa
T+m 1(‘I+m)5 J
2 |
- 2m(y+1/8) 2m
I e P 2. 3| %3
17(1+m) 192 1%(1+m)
2
- 2m{y+1/8) 2m =
v, = + + K| &
6 12(1em) " 192 12(14m) > *
< ( m )2+ 2m(y+1/8) + Fls
7 14m 1f1+m)3 2
o 2T, y+1/8 _ 2%, y+1/8 T om(y+1/8)° om 2(WotW,) Y+1/8 _
Fo=—1- L, ~ =3 2, 5 =+ 5 P-S J g - 2 L
v, 1(17+m) 4m 17(1+m)  1+m 55. 17(14+m)} 192 17 Crem) 3) 8 1(1+m)  14m O

(35)

(36)

(37)

(38)

(39)

(40)

(41)

- 0l -

(42)



+

+

2m(y+1/8)2 k=

I;E _ 2(W1+ﬁ3+ﬁq)(y+‘l/8) ) 2w, (y+1/8) 1 . & z L6 *
v, 1(1+m)2 12(1+m)2 ¥ 12(1+m)1+ k=1 §* kK i g *e "
2 n kin n n k
- »
, Eﬂ Y+1/§_ ” y+1/8 i 1 . m(y+1/8) k=ew Gk* - 1+Gh*Ask
¥ 1(1+m)° 1(1+m 6 ™ (em)  1(1em) T=T 6% K 1.6 %/ "
,7) n k}-n n n k
1 2w, ye1/8T 25w v+ /8 _ [em(pr1/8)° 2m
Vs —— 4y > + 3 L - > m + > +
v, L 1%Cem) e 8" 1(14+m)  1+m P 1%(1+m) 192 1°(1+m)>
n®  2m(y+1/8)  _ (2O /8YT 2(Ew, ) (141/8) _
5 - 3 + K [1-'32] en = 5 5 - + > L
{1+m) 1(1+m) Vh 1°(t+m) 65 1(1+m) f
F 3 »
> et T KT T
vy+1/8 2 m{y+1/8) m _ k =0 &* n 'k &% n k
> + (1—51) ; K ) n +
1+m  1{1+m) 1(1+m) 1+m k=1 . 5’*
kin 1~ =2
- E 3
1- Bk g *
v+1/8 2w, | k== 1.0, =0
Lo®n :EZ:ck(Ak-Gk) - % = 2[ °
1+m  1(71+m} k=1 1-A & +Bk(an*)

—

K

E—Sq] cn +

(42)

(43)

_[L_



_ZL_

- 1= L s * ___‘_‘n L o+ -

L y+1/8 , k=2 -G n l=of 6 ke L v,
=22 51 %, [1+e," > © (& -G, ) ~— s |+ Wy (e > — + — (43)

v, 1(1+m) k=1 1-5 & *+B (& ") k=1 Too " for 16

b k k n "k n

kAn

I

> L

n="1, n
- LIy
n = L=w — ___ ; (45)

L Lt

n="1 nn
From eq. 1 we get:
lim V(s) = lim (46)
From eq. (34) we get:

v 2v 2V V. N=oo V., n=w 2 V_ n=e 2

.= . 1 2 2 Vs - x V'3 = » ) = . %
lim V(6) = lim [— - —="= + —= + Pg - F (6 ") + {6 ™) (47)
oo e | & 1262 1y & ; nn Py = n n 62;% n ’
Comparing (47) to (46), it must be

_ R-V-a nze .

Vgt T+ Ty E P e” =0 (48)

l n="1
and
n=o 2 n= ) 2y 2

-~ - » - - » 2
T > 306 T, > P 6N - 55— (49)



It 1is:

- 73 -

v]+v2+v3+va+v5+v6+v7ul {50)
n-w - n-&n - n-ﬂ n=w n-m -
I P =3I P'= F 0 =3I n'e I Z =i G
n=l 2 p=1 0 pel M p=] n=] 2
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Appendix 8

In this appendix we want to develop the following expressions:

2 [T =
L5 0e) LS &
2 2 - ‘D‘Y,, 2 ("‘1)
L +Y(e) Lz - T A4S+ BSE
Yie) £ (o) ”'Z" A+ER & (2)
L0 Y Zs) = 7 1+AS 6055, .
where "-cg" and "-Ez” are the complex conjugate roots of the equation
2
1+ A8, 0+ BS ¢ =0 (3)
"-og" are the roots of the equation
Y(g) = ja (4)
and "—Sg" solve the conjugate equation
Y(0) = - ja (5)

In Appendix 9 it will be described the procedure to evaluate the roots ”-og”.

From {3) we have

0, =0
on + Qg
g lrers (6)
n “n
1
g o
n n
Now we want to determine the coefficients DSn, Esn, DZn and EZn.
From eg. (1) we have for o —» - og
aC'?ﬁfa)f4ﬁA.€va‘+3&’2)
Df (1- £5,62) = /im (#)

& —r-62 L% Y *e)

With the definitionsof F_(o), Y(¢) and Z(c) in para 2 and according to

1'Hospital's theorem we get
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2 2
i o< ;f(s-) (‘1*;45;6‘1'-4?.}:'0‘ )

a"‘"'g: GC2+Y'2(6")

L2AL -~ 285 67

B (9)
-] 2 o
-2 |#r2l-60)| V-0 {/ P » fmo) 2 )
[ ] ﬂ) 5ﬂ ’Lq?*z(_s.noﬂ] E&*z(_s_:)]l
From ("() we hove '
Y(-6°) = & (10)
1 .
—— = _'z_ (_&{-e’: 44
pyr20-62) m L ¢ ) ( )
Z(-57) (4, s
—— = - £ A2
ﬂ"‘a*Z(—o':,] 7 m (T ") ( )
H wea write Fthe fimih eg /@n +o/[ﬂ , A ois
. 06(;- e "C-- ﬂ'n°
ﬁ” +/1:-’ - &, ‘Un) (-é_ !) Jn(‘ - = - = (43)
a?mO/ 6“” D"’,o {E’aﬂ" 7y (—?—-f a;,") * €m 0;” [’f"n—? (‘%—f 5:)] }
From ag. (1) wa bave /or F—s-0,°
i L 2L (6) (1+AL o ¢ B &32)
s -£FS Fe . fim F 3 fal n 2
” (4 7 an) b‘—‘ri': OC.E“' Ylt's) f )
Acaovdrhy o tha relotion
Fl2)= f(Z) (457

whave f ik an analybrcal function andd Z s a complex Va'wa«é/ezl n eg. (19) *a
limit 7s ?ﬂ = /Z;?
Egs. () end (1%) com ba weitten as follows

25, (1-£5,6°)= R ry1L, (4¢)

DS, (1-£562) =R - /1, (17)
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Flittin [

wda f'fa./'
/",,0
25 - R +——1
7 n yh
1, A
£r e 2
" ﬁn-f . Iﬂ

From 2q. (2) wa have /ov c—v-—a:

Yie) Kto) (-/#-Afnowt.?‘g’sz)

DZ, (1-EZ,67) - /im

o ~5,° % Y o)

D2, (1-£Z,5,) % (&, +/L)
oned fov &—r-52

Dz, [1-£Z,50) ~F(R -/Z,)
weeth /?” rs L, from ag. (73)
From (23) ond (24) we gat

22, = -2 (1, -2 R )

7 L]
4
EZ" =~ 2: ﬂ"o
Yo I"-‘V" i‘)n
”

From egs. (1) and (2) we have fov 6—>0

Vim XA (6] i Z”"
oo (2, Ys) 7 < &f’

onel

tim Y6 E (o) 0 i 2z

o—0 <% Y} y—

(4#)

(+9)

(20)

(2)

(22)

(23)

(2¢)

(25)

(26€)

(277)

(27)



Lopendix 9

In this appendix we want to sol

complex domain:

k2 02 + Y2(o) = 0

where
e g 4 B
T(o) = 20 * 77 6)
J (V-0)
Z(o) = 2

2¢:E'J] (V=a)

o heliar ccmplex variable o =

Seingy Bessel functlors of the f

- 77 -

ve the following Bessel function equation in the

m
(2
= L o (/553, (0)) (3)

do

+ iv; 2, m, ¥, o beins parameters and J and J
irst kind. k has the value | in the append-x 8

and the value 2 in the avpendix 12.

Eq. (1) can be transformed into

Y(o) =t { ko

(4)

The roots of eq. (4) are complex conjugate. Ve consider eq. (4) with the plus,

that is the roots having positive imaginary part.

"le define the function f{o)
t—3 el -_m-—l-l—-
f(g) =0 - ja + 7Z6)

uith

ko

a ==

I'ote that only the three parame

Eq. (4) with the plus can be wr

f(o) =0 — ja +

m
y+Z(a) °

5

(6)

ters a, vy, m appear in the expression of £(o).

itten as

(7}

Let us nowv introduce the two auxiliary equations

g + =0

.
Y+Z(g)

and

(8)

(9)
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which are obtained from eq. 7 by puttinp respectively
a=so0 (10)

and
z(o) = 1 (lumped model) an

Eq. 8 has a4lready been solved In Apnendix 4. The roots are real and they are
indicated with -an*.

Eq. 9 gives two roots which we indicate withot and Oy
Eq. 7 1s solved by findine those values of o which make the modulus of f{o)

equal to zero.

This is obtained by calculating the modulus of f{o) for successive values of o
vhich are obtained by making alternatively steps of the real part "u'" and of the
imaginary part "v" in the direction in which the modulus of £(o) tends to decrease.
This process 1s carried out until either the modulus of f£(o) or the step widths

"U"

of "u" and become smaller than given values,

The initial values which are used in this process are the real roots of eq. %

(-Un*) and the two roots of eq. 9 (cC and GD)'

It has been always observed that one of the initial values -on‘ leads to a root
of eq. 7 vhich is equal to one of the two roots of eq. 7 obtained by usingob and
Cp as initial values. This means that one root has been calculated twice.

The remaining root (between those two vhich are obtained from % and UD) is called
"singular pole" and its influence on the coolant transients can be observed in

fizs. 17 and 13. The "sinpular pole has usuvally a bi~ imaginary part.

Te understand why the process here described gives always a root which is calcu-
lated twice, let us consider, the approximated expression of Z(o) ~iven in
appendix 4 (with only T poles)

)

T
o 1
2(0) =L+ 5 —t (12)
n=2 n
Putting 12 in 7 ve get
£(c) =0 - 3a + Il = =0 (13)
1
Y'.'&'"'E '&F
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<he two auxiliary equations (8) and (9) become respectively

m
o+ - =0 (14)
1 . 1
y+ -+ [
0 =2 c+bn
and
g = ja +-JET = (15)
LA

waich are cobtained from eq. (13) by putting respectively

a=>0 (16)

I
I
fu

b2 = b3 = tieee = bN = ® an

Ictr we observe that eq. (13)has I+1 roots wvhile eqs. (14) and (15) have respectivel,

™ and 2 roots.

The 1+2 initial wvalaes will lead to M+2 roots of eq. (13). Since eq. (13) has

only N+1 roots, it means that a root has been calculated twice.

Fig. 23 shows the flow chart of the procedure to search the roots of eq. (7).
Y, vare the roots;qA, UA are approximate values of the roots;An and Av are the
widths of the steps respectively in u~ and u~direction. The modulus of £(o)

at 0 = u + {v is F(y,v), vhich is calculated by another subroutine.

The found roots are successively arranced in correspondence to the amount of

their real part and the roots which are equal are listed only one time.
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Appendix 10

In this appendix we want to obtain the expression (2) of para 7.1.

We start from

Fee)Yes)

V(U’ x) = sth (.;C x) + sin (o(/,l) oC"i Yz(e')

(60!(-( x)- cor (/2@

— (s ) YCE)
) +

(1)

[—;(ar),c:z £207 (e %) . s 2) Q-(kﬁyz)}((é‘)
L2 Y 3s) « £

According to the eqs. (1) and (2) of para 4 and eqs. (1) and (2) of appen-

dix 8 eq. (1) can be written as

ey

M=ot
el A+ELE
Ve, x) =— . corlLx) Eﬂz — LSniKx) oy IrEn
” stin (o) + 507 () T ALELBLET T 7 'ff-/q.(ﬁ'*yfﬂ' *

L e ) | ST 98 ERs &2 Sl ~ber ) ls

W, + (1~ W, i L
« =7 7*'44;“8&’2 a 5/ nZ ..D” '7#-/4,,6"*3;,53 ¢

where
p = _ -8 Cof['é/l)
‘Z)” Jj’-’ son (%2} Dz (z)
_ KL cor (%) EZ
£~ 2568 - V% (<)
Nz o
E ok - 7 (5)
n =
n:=e DE+EPe £ (o) ? -ﬁ%,%c/d-&‘(w Ys) (¢)
A ALY ol 2e Y00)
J#F s

/=, = o8
>, ratel |2 2 e -
neT TFALErEfe he ”-?'ﬁ,dﬂa—f\/zp-a

222 DA rEATE D0 DH2 rEHZ &
‘;.; E z T 'f"f ) E - - (%)
ne7 Tt I pry 7+ AL » BS0”
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with
27 = o n zos
2K, < > kg - (#)
n =7 n=7

Tha complex consugate roots of the czyz/c%bﬂ

srdoe B 6% -0 (9)
ore -, and -5:,; ancl thasa of Fha &?dfﬂan

e ALe +BL 6% -0 (40)
are -67 and =67,

Pﬂ#f}?y
oLRE (-a‘,”)—-:é cos {Ksa) A (-6 Yi-5!)

R » 14 - D, (1-£,0) ) dg‘:f;’:’;){_ o) (771)
ol
, k= £ 60

R +/I2,~ (DL -ELor) > % g (42)
from eg, () wa gat
DK, - ENA & ! - 2 (R7 + jI7) (+3)
O, - w457 = ZtRy -0 »
DH2, - E/Z 60 - 7_"}2 (R2, +yL2 ) (45)
DHZ - Efa, Ty 4_’}2 (R2 -/l2) (46)
Puz%'ny

o) = p, - I, (1/¢)
onel

LV N (1
frorn ags. (73) anc/ (%) respactivaly from egs. (45) anct (16) wa ok tearn

Db, - e (Rt 2L 77 (19)

2 v,



4 ”
ENA, = 3

DH a2 =

A

ENa -

Senee if 15

7
1—52 VU

- B2 -

I

2 Vo

(R2,+L2_ 12 )

n

7 Iz

'7"'52 v °

£

:gi (Rg,rfi Z2,)

n=-f n

Cormbining egs. (2) arnd (%), we ya/ //.r'na//)/

A=e -(x»TR)EE Q==
] 10 £
Ve x) = v,% D7, Yy I + ¥, Zﬂz
- fxv)lr 227 A+E3Z &
;e Z nrrh orll ot
LN n n
wheve
vy = 7
sin (Lx)psin (%)
sin (‘9/1)
- - 7 -5,
Ve e D) ljw_, ~(1-w,) 2)]
sen (%) Is
V3 = ‘r,n[‘(x)*:’:n /.(’/JD (‘f‘W,) 2
-D’fn E /,{x) .ZU; + A cos (% x) DZH
A .
£ - 77, sin (o x) DS £S + oL cos (€ x)DZ, E‘Zn)
Da - w, DF (-, ) (1- ) DK 2,

Wyt [1-w,) f'f—{z)

(20)

FrER, &

(24)

(22)

(23)

f24)

{(25)

” 7rAS 6+ EJ;G‘R

(26)

(24)

(258)

(29)

(30)

(34)

(32)



Ea =

W E/f-‘-/'f—wv)/-r—.;_'z) ExZ,

...83-—

g Wy DB+ (1-w3) (1~ 5, ) DK 2,

D3, = DHA,

EN,
T
TF e

V.7"'|/_zf~V3=’/

- 7 * o0 = o
D4 = D2, - J3, =

3)* tha wery T

hm A () s fim a_;‘-”'—

& ~»oe &y

frm Ye) =/rm {o

F ¥ oo [ e el

Witk egs. (3&’) arrrel {3’5’)/mm 2g. (7)) we ycr./

. Vfb" x) = /’ oL ol (K x)

4

& —=w
From eg. (26} waya/

lrm V(G', x)=/r'rﬂ ¥V, \ &

& —»oe & —roa na

(ﬁmﬁaﬂnf e} Fo (Q"-f)’ wa ym‘"

2 01, £4,
BS

=

n a7

< "’.27’ ('/ f'?'!’E‘f) a(cas[a(x)

Nzw
. 01, E1
75,

o St (Kx) v sim (/2 (/-e'a

D7, (f- AfE'/

T >
6‘2 <

(33)

(7%)

(35)

(76)

(347

(3¢)

(39)

(40)

(41)

(v2)

(43)
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Appendix 11

In this appendix we want to obtain the expression (2} of para 7.2.

We start from

~Y
Ve 25 Yee) P 4l cos (<) .
2,.Y2e) Yie) sin {'(/,1)
£l g g Ve 1)

L2 i) Yee)
According to the eqs. (1) and (2) of para 6 and egs. (1) and (2) of
appendix 8 eq. (1) can be written as

1HEEG“ _ T-a - L,
Vie) = 2 E 0z z, 'lfﬁfa-fffe- s Tre T W -+

- ~te &% .L:,, . te L2 - ArGs
+ W, & EE + W, a E <, e X
3 reogpw 4 7+A 6 +8 o2

n =7 " na=-f

2 DK, rEXE
<> z (2)

s 7*}‘1’_&5"#3{5

W/’d’.rd
£
or (</3)
EX - DS, ES, - #J’?Z £z (u)
/1 > od
E DA, =7 ()
n =7
ancl
Sl ec'?/f,'(a) %—Gﬁlﬁ(w)’m 6

ST TrASTrEgEt 2+ Y3¢0)
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JF s
= - nza
7-% H,eekie | 4-a% 4.7 DK, AS, - EX, - DK BS, 0
o w7 THASs ¢ BS o le 4 P TeAL T +J’J2cr‘2 (%)
7= 08 QCQF(G_J_OCCOI{-%) F(’)r{'ﬂ)
(DK, AS, - Effn) = /im (%— -~ & £ $tn 7Z7a) !
ned r—a £ Y %)
o 2Y0) Y'lo) = K e) T (E10) Yior 4 £ Y 10) @)
e L2 Y e 20 Yoo) Y'eo
7&.4”:? into cccount ags (15) end (16) of cppandix 8 and e agwaf/fbnr
Y(o)= o (9)
Y (o) = E’/J/fﬂ?) (’/(J’)
we ya/
iz o cos (%/a)
- = K/, - -
g fﬁﬁ;/b; EK )= F+Te + pPTaCTy L(1+m) (77)
e 5'1
From ag. (3} of oppancix § and/ ag. (1¢) of appmandsx F wa.ya/
w <=L A _ 7 (aemlFCE)
L ﬂ - - tmiey '
= = T = 7
orre/
ge= 7, E(1eml A~ F le)
el (12)
LR 7+ /a;;. 7T Yie)
Aom zg. (-] of oppand:x ¥ wa ‘cfvaf
-
(o) (13)
erned
Y(-c*)-0p (-14)
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Accorveing fo fhe egwation (§), (6), (13) and (14) /F 15

Z””‘ Z, 2w DK +EK 6
nat 7*5-/5: neat 7"’4{1-,6"'35::52
e ST DKL ERT 4 ST L 15
m e 41‘-,45;0'4-.35;51 m — -7,._6‘/6_:
withr
71 = e
:g DK3 = f (76)
e
-o‘n"" arcl *-e_r:;’ ove tha cam/v/t?_x can/&rya/a roots o///.'cz cqua’/ ‘o
sr A r856% 0 (4¢)
lahing into account ag. (40) of oppancix 8 we put
£ e ofay! -
RI, rqds, - (D4, EX,0°) 7ogg (/af - za,,") (15)
anel yaf
D3, - K3 6° = RS + /I3 (19)
N3, ~FK3 50 = K3 -/ 13 (20)
Pu/r‘rnﬁ
-] .
o’ A
From 2ys. (49) cncd (20) wa obFarn
DH3 =~ R3 + V: g {2+1)
I‘ n
EN3Z = g (22)
v

n

Accmcﬁhy Yo tha equcttions ff), (b’), (43’) anel (1Y) ¢ s

‘7»0'/5: _— 7+,4.f;ow-.55;u-1 m L 7*4.1,’,0'*.3{,0'2 m Z_‘“,/ah- /

e LR

we'th
nem (a4
> % - o )

n=7
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??J.ﬁf;'n?
ke > L‘T
R4, » T4, ~ (D, -EKa2) >
b7 1"
we 30./

Dny, - ENY a2 - - (R4 + jTq)

T~

i, - E#Y 5p =2 (R - ;14

°)

m LY
D}f‘fn =_7r_m /(@4{' -~

£y =7 _*

atis] v e

v/ e
M=z oo _ N = o
Z_ AL -4 D+ EH &
”Z . #e 5B o” Z" - 7As 18557 )
) /7 =00
DK + FAS & ﬂlféﬂwE/fé s
= [4—];) E - f_% E - zq
r3 ,.71H4-f,¢+8.&0‘ -— ‘7"4,,B'+~.Fne'
weth
7 - oy o
DHSE = DKé = 7
n =T "’ Z 7

7he complex cafyafczéa’. rools of the aguaébion
7+ A6 ‘B‘ncr: )

are - gndd —c-r_; ancl thase of Fe c;gaac"c'oa
1’!—4{76'7*3{”52: o

ore -68° and -_c-r_,?

pﬁ.ﬁ&thf

_.. 4__6-5-0
’.1_/}!7/49”*\?(6)2

RS, » 18, = (0N - E%s)(

(25)

(28)
(2/¢)
(2¢8)

(29)

(30)

(31)

(72)

( 33)

(34)
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(£4) %7 ’ Sy
o £
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(24) (57554 Sy) = sua
im0

M (EE) Pum (RE) 5b wosf Ryphrgoe/sou (%5) PP (9E) 5hD wonf
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FU'D
(04) ““af - - o
£
(6€) (977~ "9y ) Tf o Y9y - Ine
£
(8€) (977 “9y) 2 = "9 a7 - “9ya
w tr £ - 53
(#£) (577 %y) L5 5% ug-YSyq
& v v
(957 (570 +%y) L5 to%yz - Sua

(7B=) 2 h + .7

(“o-14 (“0) § 25505 - (“0-) %, 7 (

(5¢€)
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we gat
S, nz" (Ré +<2_1¢ ) (44)
Xk i
-5, z (/eg,rf:f rs) (48)
(amé/nx}‘:j egs (R) (’?), (4’5'), (23) and (30) we yaf/fmqr/(y
Vi) -7 T 7, Z ———.,i/,: vy e Z ‘_/ +
>, Pt e TS T
S e &
whare
v, W? ‘11”, (50)
v - "::a"“ "(Z;Z;z (s1)
v, 2__,_'—";3_, :;;::’)24.:’" (4-5,) (527
7y - Sty ' (53)
o n L 15 )e (1) (- 22 ) (5¢)
v, - (s5)

* ‘pﬁnﬂrnﬂfkn
o4, - 2 [232; c L pks, - } (56)

Clrem) " €lrem)
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7 I BL
cu 2 D2, E2, + 57k N3, - i (%)
n e DN A ~ER,
DE, t o DK — —aTm T
2 n 2 aem) ” £ 1em)

5 - -1 | DAK,AS -EX, [t
" v, L{4+m)

+m f—f—f,))@/f‘f +
€ tem) ﬂ
+ [m—%f;) f—r—fj)ﬁ/@J (58)

D 8BS e T - m* = _
5. #-L_ﬁm tm f‘f»-f,)).é_/‘f‘/”f-[m -5 S, €4S,

(57)
n D/rﬂAJ;—EA‘n PR/ ” N m =
ll{1+m) -(e'(‘frm} i Lﬁﬂ/{z’[n ’ [m -;;'_f?)(f-%)ﬁﬁa
D6, - DKe, (60)
o . £t (671)
J# 6,
W/ e
L6
> v - (62)
e
and
P R LY. LR ( )
242> I8 = > 26,1 63
n =" n =7 n=eT
From ag (7) we yczz‘
2
tim  vle) = lim v (64)
o —yoo & oo
From ag. (49)we fa:f
_ V, _ <2 v, <= DY EY 7 L oy SEY
A N A IR ok LN S VRN
Gf:.;/fa)q_’:. (64-1/6””1.”0—” +0'n-., 5 +aa .,gn“ 35;/ ¢
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From ayg. (74} of appandry 6 we yczf

E Z" ot -7 = m
n,f 7 /‘*-{/y
JE s
-— IiEY. ]
v, - - 7 7
S AR L e* = - =0
7 2 Z’ 2% " Clrim) ey

Now cornparsn g ([2) £o /é?), we yczf

A 24, E4,
# =7 ‘E‘C?

= ¢

= p

Z Dk, (7_ A{,,Ez,f): 2L an [%z)
7 =T 35;; 3'(11 Cof/'{/q){ao"

(66}

(6%)

(6%)

(69)
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Aopandix 72

o His appendix e wont fo develop the ,é//awfhf @xPYE S51ONS !
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(U 7 / w (&)U—q"]?_"’v/’
0—9 + """"/ -4 = p
(n2-) Z

7 Ly (n'0-) 7+ A
( bU_g -+ )o'fa') ~ = ;—

» Lz - (024

57 7/ Moy
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DN, (7 - E/K,crn@) =3%- (RH, + s TH,) (21)

———

q
ond for o—n c,

W, (1-EN,58) - = (R, ~ j7H, ) (22)

Fom egs. (a1) ancd (22/) we ycz.f

-7 _ A
W, - - % (7H, g RH - (23)

A, 7
I z (24)
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Appendix 13

Tn this appendix we want fo oblain the exprassion (- 2) of povet 73

Ne stovl from

2 Yeo) - Y
W, lo) = - cos2fh) -2 f(r-e )
HT gk { Uk 2 Y )
247 -~ ¢'chr) senl  Tr z Véo)
+ * (1)
2 Ye) Yis) oL 2

Accarafzhf lo the egs (1) and (2) of para 4 the ags (1) and (2) of pove b

and egs. (7) onel () of aﬂpmc&k-{z eg (1) con be written os

2 WK L2 gy = AeEN
Wgo) e {0 Sy T o) > ol
125 | & 7 T Ao -Bhe v THAH s vBH o*
4 > 1+ EH o )(__ ‘,f--gr__t":r _ &= Z—: _ ‘i—::.
+ — E H, W, * W Z tw e g #
2 (n‘1 1:",4/1’343”3 br !U' < h=—[7*,/°;.. 3 h=17,..0'/$;'5
. . = - 7 g’:b‘
v W, a E C, —_—._44(5-"?,1) *
LS " ”
sindl | -le[TZ= DM, +EM & — ’f*Ee'
+ Q E w, e W.,)Z ,P (2)
ot L7 TrAHErSH,E s '7#14 UH?S
where -2 405(052{'%) A (3,)
AL stn o e
_ Yok cosr? ()
EM” = DH EH, - e J/V; EAC: ()
LX)
o, - 7 (5
n-
Q= M cEM s o? oo () o) )
Ao e B2 &P . YR(o)

naf
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T is
tof 2 -to te < EH, vFH
7- e E 4 IHEH o 7- & s-at® E DY AH, -EH, +rJH o
. = —_ ” 4

{o me Tl 'p ” '7!-41‘{"0' *3/’:.0'2 o 4 nat ] " 7#.4//"6 wfﬁ'nﬁ‘l ( )
nxﬂ 2 .
> OH, (- £4,) = b (g,_ PR | - Ry—A{ AL 79
- o—0 UEr YO) L 4R Y o)+ 02Y) Yiio)

loking info account agr, (9) and (10) of appandix 11 we gat

> i, (4K, - £4)])- 0 (9)
a7 ‘

Fom ¢g. (14) of appandix 11 and egs. (1) and (3) of appandix 72 wa fizt.‘

15 ap Z"‘ 713 of A 7 o 1 - o T
- ﬂ//n——'ffdw—=z A%t E £n (40)
R T | The +BH® | g Tehe » BH 6 ? <1+ Yt
/7 2 o8 )
wiith E DN = O (1
n2r )
-8 and ~e.:” ove bhe complex coryugale rools of the equation
7oAl o + BH 62 - 0 (42).
Laking ento account ag, (70) of cppandix 42 we pect
tlarm) [4rm 4
' - - aq
R, v j 1%, - M, (1-EH,00) 2o [0 o= (43)
arct f‘“[
KR, - ENF &2 2 RE » /T4 (1%)
DHA, ~ENY 58 - RE - jI% (45)

/o(_cﬁ’ L'nf

q @ fe @
Uﬂ = /“n - /Vh
. from ags (44) and (157 we oblarn

-4
onn, - ®4 » Lo 17,

A

(16)
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7

a
n

EXZ = (77)

v

ﬂccara[chj to ag. (14} of cppandix H and 295, (4) and (7) of ewpendix 12

iE s
fe o2 7 (AL T+ EH & 22 pue v ENE S o [T
—a DH, ———2_ = . A+ 2 (18]
Z 70 s Z T 2 Z 1+AHs B o Z, 2
/7w o .
)WM E &/ff’ = & (49')
ns
&ff&h}y _
ve s 28 - oH (r- %a)( & L) (20)
<7 7=
7 G_k‘
/rom ay. /f{") wa jmef
k¢, - EhE 6] - RE 1+ I8 (21)
he - £hE 8 = RE - /I8 (22)
re ) :
- L 4 -
’D”‘Pn = f‘?cP" # Vn" /an (23)
Eng L (2¢)
” v'a
F s
L EY 4,.65. f1ou A+EH &
(; < 1A vd s> ) (Z A, 1,»%”5’//5)
Riw DKT e EKGe n:e DH4g, + ENTY,6
- Z ~ T (- 5) S (25)
Y £ 7+ Ap+Be? e 4;-14//!5#3//5
with
7= . /T r =

Z oK, Z K10, « 4 (26)
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The complax conpugate roots of the eguation
‘/Ha_ o+ 37 c? = a
. " n

axre -0/ and —-c_r: and t‘ﬁa:? of the aguetbion

A+ AH, & + BH, o*- 0

a and _sna .

are - o,
ﬁu.‘é:'nj

- - 77
g ' - -6 o
V2 A 0/[5’; Cn { 9, )l/ofzf—)/"‘l{-s;’)

ore
R10, + /740, - DH, /f-f,e;af)(i C, 4"5:""_
_ 57 7-A,68: 8 (58)*
from aq. (25) we gat
DY, -EKS s <« L (Rg »,79)

- S.# ”
— 4 )
DK -EK3, o) "3 (%3, - ;79,)

DH10 - EXL0 & @ o
»” n n 1_{?

(R10 + ;I+40,)

— 4
le«fﬂh —E/ﬂ/” crn@ o7

/ﬁ*fﬂn - dr.[-/d;’)
¥

Febben 54

(272)

(2%)

(29)

(30)

(34)

[32)

(73)

( 3¢)

(35

(76/

from ags (34) and (32) respectively from zgr. (73) ond (3%) we o0blain

2k5, - L (R, . 79 )
7 v ” yn ”

. 1 I3,
ZEA S V,.

(3/42)

(78)
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2
DHA0 et (R0 s L rap ) (39)
n g5 ovg "

”

a4 I (40)

7- {_ 'ynd

EHK 1, +

Sinece ¢ s

M= oz 7+ o .
r44)

(%2)

e a | ' (43)

W/
neaw 'D”,,*E/“c," ne @ /ff-é;s'
2 E A
e LAY Al N P X L

n=w D)1t . £ <= DHAL +EHA2
- S{ E . ;°’+ (4-‘;) = ad #4)
< .7,{5_ *'fno- < ‘ffAHHD‘ rjﬂne'.‘?.

with
LY EN. ]
. (45)

>, > WA, o
”n = n=f

ﬁz!&'z}vy )
2. L) ¥ (95)

[4 . = . = ’
?"4,., * / 4:, .ZL /7’ fn o’n) Lot ?. Y%"V,,')

(47)

ornd
frew 4 E ¥
Rr12 ¢ ;142 = (oM - EM 02/ % TF Z
iy ] / ” n%n #-Zf % ’/—-Aké'”d+-% ("f)z

f/"’m eq. ("r’(fl) we ya"-l
(48)

DHAT, - FK11,5] - f” (R, + jI4,)
&
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DN, - EX1, 5, = ‘5’5 (k41, ~ ;I 11,) (49)
DH12, - EN 12, a0 7‘_13;_{,?42” rjl12,) (s0)
- 4
DH1Z, - E112, 7 = e (R12, - j 142, (51)
From ags. (4g) to (51) we ydf ﬁnat([)’
oK, « L (R, L2 1A, (52)
\5. ”
4 I
Wt = e 20,
, * 5= " (53)
7 ~f |
e L4
DH 12 = (R12_ + % I12.) (5%)
.7 I,
EN12, =T =3 (55)
5 n
ff'nc;a & ois
7 o gd ’? = 00
'Z" DH 1L, = E DH12, = 1 (56)
ne 7 n =T
we get
5 ] T = /4”
H_S_d (%71, « 271 ) : (5%)
o
/7 < og .--"'“nq
rspe 87 (R, L) 50
Mmoo ”

avmézh:ny ags {2), [4’), /1’0)/ {4’<;?)Jf (257 and (‘/‘() we faa!/n.z[[y

-l n=ea ;- neoed 71 -
12 L, - & Z 2 fzo

M‘ég (o) = th,/ - ¥+ wtl/‘/l - - W ; z o " iw . Jﬁ"{” iy A
. = 7¢ /‘3'7’ a7 7 qu’* = '7"‘4‘5':."!4;"

Stong, L5 (59)

7 o
* Weys P E DHZ, TERLT / e Z}Wj’
et Tehl e FH 5 * ¢ PN n-f-A—e- + G &>
” n
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whare

Wett1 = 1*{,:,,4 ﬁ (60)

“ept2 Sf:ffT"‘_ ,2:3: (61)
Wopt 5 1,»;5&‘_ = %1& m (-4, J] (62)
Mepty * 12@1‘5 ::: | (¢3)

srn o ﬂna( _
e 7. f""‘[”"#m G T f-f-w,)/_ff,)} (o)

Tem 7 &

[:m-”"? 51 v‘-%’i/f-w,)%} (65)

-7
w =
M4 cindl
gz

4oL cos?fh) 24 A MrE
DH A DH, e gt D, (P8, )i m G A8, (66

. ¢ cos? (%) 2L A aol ,“f'%’
EHT 7 4” [wﬂ EH, ¢ I B - T o O e m o )25{/{,} (64)
£ ey -
DHZ, —T 2%, (4, ’L’ff}-m"‘*"'z,»’":‘/-f—g) e
wt/{s_(—j;.”z ) L (1em) (1 m) 1 n
m = maC .
- (m—-w_:? 5,0 (1-5, 00010, 32— I:w4 M+ [1-w,) (7-1) J/r//.?n” (68)
etz -— 1 (20 et w7 | Eag
.D/f2hw¢#5./7f—"i’-c’-'£) f4rm) ll1eml* -’me
5 EX10, + é%ﬂf_[w ENM, +(1-w,)l1- &, )E/ra/zﬂ}} (¢39)
DHZ, = —T [fm 5,05, 3, r LK pw, )8 M//«/} (%0)
Weils {7+ ’: ) Fp

_ - _mi = sind 1,
EH3, DH W, (10525 {m e S8 EXG T “’1)’}‘—"—*‘%} (1)
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Tt s
é
"’gg‘- =4
g2
ZM mez Zjﬁs’ .
nedt

From eg. (1) we gl

2 i sind
frm %ﬁfcr) = /Iﬁ? 2. (C” /":'fz)+ 2 z)
& ey 00 7+ & (4 o

From ag. (59) we yzf

limn  Woytade hm AL\ 2w, Ty Zﬂ'" ﬁM gy4
"y o 4 aﬁl 7 T ‘/?'[
&y 00 T —o net
i /1= o > .
+ L.?_ Waﬁfg DH A (f— £ ‘ﬂ,Af/'/,,)
- T BH, 8H,

(am}ﬂaﬂ:’y /4"{) to (4'5') W¢y¢f

<= DHA, EH, - 2 ol corel
SH L srn &£

”

n =t

DH1, e AN, 4XE
(1~ ) ==

(7z2)

(4#3)

(77¢)

(725)

(%6)

(wt)
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jf/ﬂdnd o LY

In bhis appanclix wa went fo oblain the exprassion (z2)ef para H4,
WMo sfart [;'om

£ - e <
Vaﬂfc) -2 L fer) x:r) 2 4 %.ff'é () _ (<4 ) cos (4/5) ///f/er}
oL2e Vo) 7+ 2 som (4) e
6(3)9(2-
Y N =) (2)
L24 Y %) A

According o tha ags. (1] onct (2) of oppendix & and the ags. (1) anc (2)

of parva 17 and agr. /3’), /41), (5) ancd (6) of ampandix 1 ey (1) con ba
wriblen os follows
-/~ 73!/572/“/.1] L 7 1+EZ &

+
ol E 2
1‘.:‘:6_ ne .7+A‘£€*3fn€

= -l =90 T

+ W
ned T*AS S+ BS e? te HE g 7 Yot

%ﬂ(ﬂ')’é‘

(a)
e L ge Ao EH A &
+ W a E n + W OH = +
o3 a=7 7t o'/o,: dé{qn,z " '7+-4H:_’6 4-.3’/{?2

1= o

_ 1 o0 ) . _?
Wy @ b Z JHZ 7 EHZS - Wy @ te ‘ZW.?” —lf_é-” 16
nat ? TeAH o ~BH " P 1A +8 s

One part of the mulliplication we have alveody avaluvaleel in ompandix 11

(se e eys (#),{:ff) onet (23) of cryparnclix 17} Now Jat ws consider the re -

mcﬂ}uzy meulbplt calion,

JE (s
M= F
> opr, L J(SE e |
et "f.»A/{'u ‘3/1"'8'2 P4 4*,4.‘;6&35"52
= DL +ELA neR B2 L EL2
= S" it ' ~ /%’-f) i n+ L &

(7
ot '7#.4.26’ #Efno'z

7 1+AH e r-,?/isz
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with
1w o 1 = o
E WA, - E DLa, -+ — (4)
h=‘f n >4

lhe complax cofy'afat"t roofs of tha czyaa:d'c'én

T A, o + fﬁ,’,o"z- o

(5)
ove -8 ond -8 ond these of the agualion
7eAS o +FS 6% 0 (¢)
ore -67° ond -*;:0-.
Putting
R e IV - (0K, - FH, erj)(i | :';” ﬁ;’f 2) (%)
< ~Ake? v 3H, (5°)
ancl
RV2 +jIV2 - DHY, [1- EHA, 5 8) ( ST 2 theg 2) (2
F7 1-A5, 02055 (af)
frorm ag. (3) we get
oL4, - ELA, 52 - 5‘1/ RVA, +jIv4,) (9)
DA, - EL1, 50 = %mwg -jIv,) (10)
DLz, - ELa, o8 -7 : (RV2, « jIVa2,) (1)
D2 -Elas? =;ji7 (RVz2, -,/TV2) (12)
Pubterg
o2 .m0 v, ? (13)
orrcd .
ALY S (14)
from ags. (7) and (10) regpectively from egs. (#1) and (12) we obtain
ad, =?;i-mw;, . :“;’ 7v4,) (1)

”n
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{16)

75 "t . (4/2)

5 a (1¢)
[ n

Sinee o 5
N

Z&»f Zzu.z -4 (19)

n=1 n=-7
wa ym‘
5 = § [’V +——-.ry4') (20)

1-5 = i (Rva, L

ned Yo

I Va2 ) {24)
J¢ i

aided S+ EH2 & > o :D});#EA;E
(Z 2 n4.‘"A”U‘+3HG‘) (Z )-

o = TrASs *35;62

vee 13 +EL7e g Py ELUe
= S, " —t (4 f 2
* ; TAS e+ BSe® / Z #AH G + FH, &2 r22)
Wt#/r
= og f1s o0
HEM 2L3, * ;4 204 - (23)
Paé’ét‘nf
k= o -E 2 ¢
RVsz +/'[V3; = @ﬂ'n—f/};u E 3#2 # i (24)
" k- AH e BH, fa’)z
and

:?V4”+/IV4,,=DH2 (4- EH2 o“")(E.- 24, - S ) (25)

7-AS €8 85, (e ‘)
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from ag. (22) wa yczf /C'na{(}f

L3, - Lo (2v3 1L IK?)
5, v,
3 -2 I
5, ve
DLy =T _ (Ryy Lo Tvy )
7-_!; vha
4 IVY
ELY "f—_S; v a
Simca (€ s
E IL3, = E DLy, -
n=7 n~-f
wa 5«:4‘:
s n 00 P
S - _Z—,, (RY3 +V: V3 )
crel
/T = o /ﬂ
S . v n
1-3, n%f (RVY +m v, )
T /s

4r+rEHI s Nz DN +EK o
'DH T n =
(Z -4+Js+3cr)(z )

— £ 1AL o BSe”

-2 D5 +ELS e n2® JLé rELés
"5

—+ (1-5,)
L5 whse bie

with
/72 o@ N = e0
E '01{5_” = E ‘D‘ién:J{
ne-t ne-

The complex confugalt roots of the equabion
7+ /4— S » j 6"2
” ”

- 4 py
arae e, ond o,

T 7 .2
e A+ Ao r8 o

(26)

(2/%)
(2¢)

(29)

(70)

(34)

(32)

(33)

(74)

(35)

(26)
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Pufémy
A-EH3 0
RVE » ;IVS, - (DK, -EX ) my 2 (34)
n n *’fAHEv‘ +3ﬁ((°.o)
orel
bew DN -fK o
RVE + jIVE, = OH3 (1-F43,8) [ > = ™ (3¢)
” ” =7 7‘”'455,:*32 (gn,)2
from aq. (33) wa gat
s -2 (Rys c 2 rys) (39)
5:? U"
ELS - LA (40)
s? Vnp
216 - (ovs +L21ve)) (44)
S A v,
£rg - L T (#2)
7 ..7___ % v

n

Since ¢ (s

n =

DLE, DLé, = o (43)
; 'Z

we gaf
) 0
- > (RYS, LT V8 ) (44)
ﬂsf Vﬂa
ard
) ) a2 o0 / +/“n ”
7- S, Z RV, " 1ve,) (45)

(omémmf ags. [2), (3’), (22) orel (.?3) cnol tha zgs. (/?), (’/5)0"}5{ {-’33) 0/

appandix 77 we ya.! }[zna’//y
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iy A= ;= s 47
g - - e H
Vt#(6)= VCAK_IT-* thf:[l E * Vﬂ-#ga. i/ffﬂ?‘%# r

et -11“0./0;,* naf

n o A+EL] & re e 1eEIR o
PIa = +

P DI Vv
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¥V, a DIy ——>2 4s)
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7 #t e
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a3 ‘f{-———‘:"c ll1rm)?  Arm

- (ﬂho{ I ca.r[%) ) (5-0)
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7 ~r e ;
ETA = srn _

/24 v (45 £25< {g(#m) EAR v A

” 4( oL i
T A Vs ()
((‘fﬁ-m) 'fo ‘g 7 Srem ol ‘pzn EZH (56)
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i X3, s e " sk gt K
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£rs . G,

J” QLé, (64‘)

Tt s

?
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tx 7t

= et
el 4

> or4, - Zz)z.z iﬂ‘s ZJ’[‘/ Z&[g - Z 276, -4 (66)

n= T
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From ag. (1) na ﬁdf

7~ V3 sen =L
lim ¥ (e) = lim (4‘ : Ye) A ) (672)
O —y o0 eH & oa 7 %'— &y &2
From ag. ﬂ/g) wa yeé
4 -f 2 n oFf _
f1rm /{zﬁ( (a) » fim V'_H_’-Ta_- * Vaﬁz? E zin o * +
G ——poo ey o e T
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o4 2L, 4 i 21, ( AI£I4)
+ — E ErA Ty 7-—2""
p:l#-’f v &5 " Vepte Fs g
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4 <= prz £rz g =2 ara ( AW, £ 2 )
¥V —_— ——r " ¢y -_ 2 7--—= = f‘y)
s 7 Z 7, HE o Z 34, 2,
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A o
A Al E ; a* . é
Vadt + e Vtﬁ‘a s - £,, 0 (63)
o2
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== I £I1, Qi QI Era, (%0)
—_— ¥ —_—= L
e 2 as ets Z 34,
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